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Reference:

C.L. Phulhips and B D). Harbor, Fesdbark Control Systems, Premhica Hall 4th Ed.
Section 4 2, pp. 121-124- Time Eesponse of Second-Ordar Systems
Sechon 4.4, pp. 125-132: Frequency Fesponze of Svatems
Appandix B, pp. 633-630: Laplace Tranzform

1. Objective

The response of a lmear system to a smusoidal mpuot 15 useful for predichng its behavior for arbitrary
penodic mputs, but more mmportantly, for compensator desien. For second-order syvstems the simiscadal
response depends primarily on the natural frequency, W, and the damping rate, {. Both W, and  are
funchons of system parameters, both phamical and control parameters. In this expermment we wall alter the
w, and { values by chaneing the feedback control gamns. The objectrve of this expenment 15 to 1mvestizate
the relahionship betwesn 4, and £ and the frequency response of the system, as well as the relationship
between the feedback gams and w), and . The zecond-order system we choose for this experiment 1= 2
torsional mazz-spring-damper system wath torque as mmput and aneular displacement as output. We obtain
the transfer funchon of the system and idenfifs specific parameters of the system that affect zmms=cdal
response. specifically, we identify parametars that affact the natural frequency and the damping ratio. We
vary thess paramsters to expenimentally venfy the chanze 1 smuosoidal responss.

2. Background

2.1. Second-order systems
The standard form of transfer funchon of a second-order system 1=

¥is) = Kuf o
Uls) 5 +2¢u.s+as

G(s) =

where Y (5} and T¥z) are the Laplace tran=formes of the output and mpat vanables, respectively, w, 15 the
natural frequency, and £ 15 the damping raho. For a smusoidal mput

u(f) = Asinfw *1), e

5w
the response of the system, 1n Laplace domam, can be wmnitten a=
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Azziming poles of (2] are m the left-half plane, the steady state responze of the system (after tranzients
have decayved) can be written as

M) = A|G(jw) sin(w*1 + @), §=£G(jw) 2)

It 1= clear from Eq.(2) that a smuscidal mput produces a sinusoidal output. The amphitude of the cutput 1=
sca]edh-].'aﬁctc-raﬂﬁl:jw} and the phase lags behind the input by &G jw).
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For the standard second-order system in Eq (1), ziven the values of w, and 7, the “zain” |G jw)
and the “phase” £ G(jw) can be expressad as a function of (v, as follows

K (v
3: . - : - 3

2o *r
1-#°

g =L0(jw) = —arr:taﬂ|: ] {=lves mits of radians)

On a loganthmic scale, they can be plotted to generate what are kmown as zamm and phase plots, or
Frequency Response diagrame. The Freguency Response diagrams for 2 standard second-crder svstem are

v
plotted as a fimetion of the fraquency ratio # = (—), for different values of £ in Fig 1.
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Fizure 1. Freguency Response diagram for standard second-order svstem

2.2, Torsional mass-spring-damper system
Fecall the torzional mass-spring-damper system m laboratory experiment =2, shown here agam 1
Fiz.2. The system vanables are
T external torque apphed on rotor
& ansular position of rotor
(/. angular velocty of rotor
The paramsters of the system shown in Fiz 2, melude
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