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Introduction

How can we say that one algorithm performs better than ancther?
Quantify the resources required to execwte:

Time

Memory
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cirCuits, power, etc
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Time is not merely CPL dock cydes, we want to study algorithime
indepandent or implementations, platforms, and hardware. We
need an objective poimt of refierence. Nor that, we measure time by
“the number of operations as a function of an algorthm's impat
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Input Size

For a given problem, we charactenze the input size, .,
appropriately:

= Sortimg — The number of items to be sorted

= (raphs — The number of vertices and for edges

= Numernical — The number of bits needed to represent a number

The choice of an input Sze greatly depends on the sfementary
aperation, the most relevant or important operation of an
algorithm.

= (ompansons

= Additions

= Multiplications

Orders of Growth

Small input sizes can usually be computed instamtaneoudy, thus we
are most interested in how am algorithm perfforms 25 R — oo,

Imndeed, for small values of r, most such fisnctions will be very
similar in manning time. Only for sufficiently large n do differences
in running time become apparent. fAs n — o the differences
become more and more stark.

Intractability

Problems that we can solve (today) only with espomential or
super-exponential time algorithme are said to be (likely)
intractable That is, thowgh they may be solved in a reasonable
amount of time for small n, for large n, there is (likey) no hope of
efficient execution. it may take millions or billions of years.

Tractable problems are problems that have efficent | read:
polymomial} algorithms to sobee them. Polynomial order of
magnitisde usually means there exists a polynomial p{n) - n* for
some constant k& that awsy= bownds the order of growth. More on
asymptotics in the nexdt shde set

Intractable problemns may need to be sohwed using approsimation or
randomized algorithms.

Worst, Best, and Average Case

Some algorithms perform differently on vanous impats of similar
size. It is sometimes helpful to consider the ‘Worst-Case, Best-Case,

and Average-Case efficiencies of algorithms. For example, =y we
want to search an array A of Sze r for 3 given value K.
= Worst- (Case: K ¢ A then we mast s=arch every item (n
= Best-Came: K is the first itemn that we check, =o only one
COMparison




Average-Case

Since any worth-while algorithm will be used quite extensively, the
average nenmang-time is arguably the best meagure of its
performance {if the worst-case is not frequently encountered ). Nor
searching am amay, and asmeming that p is the probability of a
successful search, we hawve:
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A mare imtuitiee imterpretation is that the algorithm mast examine,
on average, half of all elements im _A.

Average-Case

Average-Case amalysis of algorthms is important in a practical
sense. Often, (Cany and Cparst have the @me order of magnitude
and thues, from a theoretical point of vew, are no different from
each other. Practical implementations, however, reguire a
resal-world ewcamidnation.

Mathematical Analysis of Algorthms

After developing pseudo-code for an algorithm, we wish to analyze
its efficiency as a fisnctiom of the size of the input, n in terms of

how many times the elementary operation is performed. Here is a
gemeral strategy:
1. Decde on a paameter(s) for the input, .
2. dentify the basic operation.
3. Evaluate if the elementary operation depends only on n
{otherwise evaluate best, worst, and average-case separatehy.
4. Set wp a ssmmation corresponding to the number of
dementary ocperations
5. Limplify the eqguation to get as simple of a function fir) as
possible

Analysis Cxamples
Exarmgh |

Consider the following code.
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Analysis Example
Example | - fnabyus

For this algorithm, what is

= The dementary operation?
* lnput Size?
= [aes the dementary operation depend only on n?

The pater for-loop is man 1 — | times. More formally, it contributes
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Analysis Example
Exmmphe | - Asshpin

The inmer for-loop depends om the owter for-loop, so it contributes

We abserve that the clementary operation is executed once in each
iteration, thus we have

n—1 m
Corutn) = 3~ 3 1= 2
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Analysis Example

Examgh: 1
The panty of a bit string determines whether or mot the number of
Is appeaning im it is even or odd. |t s used as a simple form of
BfTOr COMmection ower Communecation metaorks.
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Analysis Bxample
Example 1 - Mo
lNor this algorithm, what is
# The clementary operation?
* |nput Sire?
* Do the slementary operation depend only on n?

The while-loop will be eecuted 2 many times as there are 1-bits
in its hinary representation. Im the worst case, we'll hawve a bit
strimg of all ones.

The number of bits required to represent an imteger © is
[legm |
so the running time is simply logn.

Analysis Example
Examgle 11

Algonthm (MY FuNCTION(nR, m, 1))

=T - dntwrevs i, m, p mwch dthat n > m - B
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Analysis Gxample
Examgzbe 11 - Anabysin

Ouwter Loop: execwbed |1 times.

2nd Loop: executed w + | times.
Inner Locp: executed about T times.
Thass we haee

T

Cimym,p) — (n+ 1){m/2)
But, do we really need to consider p?

Summation Tools |

Section 2.4 (pl57) has more summation rules. You can always wse
Maple to evaluate and simiplify comples: evpressions [but know how
to do them by hand! ).

To invoke maple, on c== you can use the command-line imterface
by typing maple. Linder nix [pnome or KIXE) or via any waindoes
imterface, you can use the graphical version via xmaple:.

Will be demorstrated during recitation.

Summation Tools 11

Example
» simplify(sum(i, 1=0.._n)};
|

I
=nt 4 =
i

> Sum{5um{j, j=i..m}, 1=0..m);

= ()




