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1 DBayesian games

o far we have been sasuming ihat everyihing in ihe geame was common knowl-
edge for everybody playing. But in faet plever: may have priveie information
aboui their cwn payoffs, about their type or preferences eie. The way 1o med-
elling thia slinatien of saymmeirie or incermpletie informaticn i3 by recurring ic
an ides gensrated by Harsenyi (1967 The key is 10 imiroduce 8 move by the INa-
iure, which 1ranaforms ihe uneeriainiy by comveriing an incompleie Infermaiion
problem inio an mperfect informaeiion problem

The ides iz the MNature moves determining pleyers” iypes, a8 coneept that
embodies all the relevam private information aboutl them {sueh = payoffs, pref-
erences, beliefi aboul oiher players, ete)

Definition 1 4 Baogesiaon Gome iz o game in normal form with éncomylefe
informaiien that constete of

1) Playersie {12, I}

2] Finite action 2et for each plogera; € A;

3] Finite fype et for eack plagerf; € O;

4) A prodediity distrivution ever types p(#) {common prior jeliefs adout the
plagers” types)

g Dillifies ;- Ay x Ay x. . xA; x8, x8; x. . B8;— R

It is importanmt 1o dizeusa a litdle bil each part ef 1he definition

Players” 1ypes comain all relevani informaiion sbeutl ceriain players privaie
charaeteriziies. The iype ¢; 3 only obaerved by player i, who use: this infor-
mation boih 1o make decizions and 10 updats hiz beliefs abowt 1he likeliheod of
opponenis’ 1ypes (uzing the eonditionsl probability s{f_;|#:1]

Combining aeiien: and 1ypea for each player it’s possible 10 comairuei ihe
girgiegies. Jirstegies will be ghren by & mepping from ihe iype space 10 1he
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aciion space, #:: ©; — A; with elemems 5;(F:). Inwords = sirstegy may assign
differenmti seiions 1o different 1vpea.

Finally, utilities are caleulsied by each player by 1aking expecistions over
ivpes using hiz or her own conditionsal beliefs about cpponenie’ iypes. Henee, if
playver i wies ihe pure siraiegy &¢ oiher players uae 1he siraiegies a_; and playe:r
£'3 iype ia #; the expecied williiy can be writien 8a

Fugla:la_. 0:) = Z wle, o {0 ;L8 0_ . p(0_.|8;)
f.EB_;

2 Bayesian Nash Equilibrium (BNE)

A Bayeaisn Mash Equilibrium iz baszieally the same concepi than a Nath Egui-
librium wiih ihe addition thai player: need io 1ake expeciaiioms wer opponenis’

ivpes. Hence

Definition 2 A Bayesian Nosh Equiltarivm (BENE) is ¢ Nosh Equiliivivm of o
LBayesian Gome Le

Eula;la_g0;) = Eulsl|a_g 8;)

for ell #;:{8:) € 5; end for all iypes #; occurring with positive prodnd ility

Theorem 3@ Every finite Bayesion Goame has o Boayesian Nosh Eguilidbrium

4 Computing BINE

3.1 Example 1

Consider the following Bayesisn game:

1} Nature decides wheiher 1he payoffs are 81 in Mairix I or Mairix IL wiih
egual probebilities

2} ROW i informed of ihe choice of Mature, COL iz noi

3] ROW chooses I7 or I, COL chooses L or K (choices are made simuliane-
ously)

4} Payoffs are a1 in the Mairic chosen by MNature

Eor esth of these games, find 2ll the Bayesian Nash equilibria. Write sach
eguilibrium in mbced beheviersl stretegiss.

Mairiz I Matirix II

L | E | L R
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3.11 Pure zirategyr BNE

We will first collapse ihe Incompleie Information problem as s sigtic extended
game with gll the possible sirategies (csll it T). TIi ¢an be shown follewing
Harsanyi thet the Nesh Equilibrium in I is ihe same equilibrium of ihe imper-
fect game presemied The ides iz 10 ccllapse 8 game such thal all 1he ways 1he
game can follow iz considered im 1he exiended game I

The firs1 siep, 83 sbways i3 10 determine the sirategies for esch player.

COL has only two straiegies (L and R} beeause he does noi kmow in which
mairoc ihe games i3 played

EOW knewa in which Mairix the game ocecurs,and ihe sirategies are L7
(play L7 in easze of being in Matric [ and L7 in case he is in Matrix II), I'D, DI7
and DD

Fnowing ihe probebility (2 half] the Weiure loceie the game in each meirix
[which is needed 1o obisin expectied payoffi), the new extended game T cambe
wrlilen ga:

L R
1 1
v | |LE]] oo
i1
D | 5: [|LL
DO | L0 | 0.0
DD | 0,0 ||L1

Recall DU 11 a8 dominsied siraiegy for ROW. Afier eliminaiing ihat possi-
biliiy; 1he geme has ithree pure Nash Equilibrivm {(T70] L (7D, R); (DD, B}
([thown by squares in the Matric above)

3.12 DMixzed ztrategy BNE

In erder io chigin the mixed sirategies we will make anciher kind of analyiis
and iry 1o replicaie the three pure BENE obizsined before.

Azsume 1he probabilitise of pleyving each aetion sre s shown in 1he mairices
below {y is the probability COL play: L (noi1 condilional on the mairic ainee
ihis iz an informetion COL does not have), ¢ is the probebility ROW plays I7
if the game iz in Mairic I and =z ia 1he probability ROW plegs U if 1the games is
in Matrix II).
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