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FEKG AND BEYOND

Motivating, one-dimensional example

If f and g arc increasing functions on B and u is a probabilty measure on B(R)

for for g f2) < oo and ug? < oo then

pfpig) = pifg)

Proof. Expand the lefi-hand side of

ppt (fx) — i) (glx) — g(3)) =0

Generalized FKG
Forx =(xy,....x, ) eR"and y = (y, ..., ¥.) € R® dcfine
IVY=(O ¥V ¥H.--.. X,V TV) and XAY=([X] AW.---. X AV

Wrikc x < ¥ io mcan x v y = x. Say that a function f on B" is increasing if it
is an increasing function in cach of its arpuments (for fixed values of the other
arpuments). BEquivalently, f is increasing if fix) = f{y) whenever x < y.
Theorem. Supposc fi...., fa arc nonncgative, Borel-mcasurable funclions
on X*, where X € R, for which
filxife(y) = filx vyl falxay) forallx,y e X"
let g =y @ ... % U, be a sigma-finitc product mecasare on B(X"). Then
pUIR(R) = p(R)p(fR)

Proaf. Inicgraic out one coordinate at a time, showing that the key mequality
is prescrved. Write x = (X, w) and y = (¥, v), where X = (x1, ..., X0 1)
and ¥ = {w,..-. Ye—1)- Define fUX) = % (X, ). We need to show that

AUX)f2(¥) = (X A Y) falX V Y)
The left-hand side of <3 cguals
pept [ X, w) (¥, v)
= paptn (lu = v} filX, w) f2 (¥, v))
+ faity ({u = v} A(X, w) 2, v) + fi(X, v) f2(Y, u))
The right-hand side of <3 cguals
ot (X A Y, u)fa(X v ¥, u)
= Mty [l = v} (X A ¥, u) fa( X A ¥, 1))
+ o (lu < v} (X AY.0) falX VY, 0)+ X AY, ) fa(X v ¥, u))
OUn the sct | = v, mcguality < Y= oives
FilX.w) Y, v) < (X A Y, u) fa(X v ¥.0)
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U the sct |u < v,
A= hiX, ) ¥, v) =C = (X AY¥, u) fa(X v ¥, u)
B:= filK, v} (¥, u} =C
AB = fi(X, u) f(Y, u) {1 (X, v) (¥, v)
= fulX AV, u) fol X v ¥, u) fol X AY, 0} fa(X ¥ ¥, 1)
=CD where D := [{IX AF, ) filX v ¥, u)
If we can show that
A+ B=C+ D
then the inequality <3 will follow by pombwise incgualitics on the intcgrands_
Incquality <4:= is just a rcarrangement of the incguality
0=(1-A/CH]I—B/C)=1—(A+ B)/C +(AB)/C?
=(C+D—-A-B)/C
And a0 on.
Corollary. Suppose P and () arc probability measures on B{X=) with
densitics p=dP/dp and g = 00 fdp with respect to a product measure [

Supposc
plxdg(y) = pix Ayigixvy) forallx,yeX"

Thcn
Pf=0r
for cach increasing function [ that is both P- and (-intcgrablc.
Proaf. Without loss of gencrality f is bounded and nonncgative. | Truncate;
recenter; Dominated Converpence.] Define
Silx) = pix) fix)
Jalx) = gix)
falx) = pix)
Jalx) = gix) flx)
Check that
Silx) f2(y) = Flx)plx)g(y)
= flxvylplix Aylglx v ¥l = flx A y)falxvy)
Invoke Thoorem < 1.
Corollary. Suppose P is a probability measurc with a density p = d P /dpu
with respect o a prowdoct measune i, for which
plxdpiy) = plx A¥ipixvy) forall x.y e X"
If f and ¢ arc incrcasing, P-square intcgrable functions on X® then
Pfix)glx) = (FfHPg)
That is, f and g arc positively corrclated as random variables ender P
Praaf. Umnce again reduce to the casc where f s nonncgative. Define
Ffilx) = pix) flx)
filx) = plx)gix)
fix) = plx)
falx) = pix) fix)gix)
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Check that

Hilx) faly) = fFlx)lgly)plx)piy)
= flxvyiglx v yiplx AyIplx v y)= failx Ay) filx v y)

Invoke Theorem < 1=.

3. Application to Ising measures on

o

[1

The lsing model gives a point distribution for an infinite collection of random
variahles [X; : i € Z7), indexed by the (sites) (lattice points) in the lattice 72,
with cach X; taking valucs im [—1, +1}). In fact, the construction of the whole
joimt distibution is guitc subtle. One stants by defining joint (conditional )
distributions for [X; : i € A} for various finitc subscts A of ¥*. These
distributions satisfy a consistency condition (described in Lemma < 14> below)
it cnables them to be pasted topether to form a joint distribation over all sites
im Z2_

The lattice 7 is thought of as the sct of vertices in an infinite graph whose
edpe sct £ consists of all all pairs ¢ = {i, j] of silcs separaicd by a Eucliden
distance 1. For example, the sct of neighbors of a site § = (6. i7) 18

i} == [{iy, iz + 1), (i, 62 — 1), (fy + 1, d2), (i — 1, i2)).
There are four cdge with site | as one vericx.
Morc gencrally, the boundary 3 A of a sct A ¢ ¥ is defined as
JA=|je A :|i,jlef forsomc i in A }
We could also define 94 as e - e e £41\A, where £ 4 denotes the sct of all
cdpes & = {i, j] for which at least onc vertex (f, or j, or mayhe both) is in A

REMARK. The erminology seems a hithe strange o me, because the
boumbary of a set in the wopological sense 15 ool required o be dispoant
fromm A.

Example. Supposc A consisis of 9 sites in the form of a 3 x 3 grid, the
vertices represented by the circles imside the shaded region in the following

prcture.
an ¥ » .

»—0—0 —0 —@
A
»—0—0—0 —@
b — —{1 —{1—h
C I I

The boundary &4 consisis of the 12 sies mdicated by the circles hlled with
black. There arc 24 cdges in £ ;12 arc between pairs of sites in A and 12 arc
between a sitc in A and a site in A

For cach § = 0 and cach b = |—1, +1}* and x, = |—1., +1}*, define the
{comditional} probability that X 4 cquals x4 by

FAIIJ =X I xil_l — lﬁ'l = F.‘{I* | bl =
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