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1 A Model for the Hantavirus

Suppose that mice are infected with the hantavims in California. We wash
to model how fast the infected mice wall disperse across the country. Here
ATC OUT ASSUINPLIONS.

Mice are mmfected with a virus that are harmless to them but virulent
n people.

Onee a mouse 18 infected, 1t stays infected.

Each mouse wanders over some small ternitory at random and moeets
uninfected mice. This 15 how the infection 15 spread.

Infected mice pass the virus to some percentage of the nninfected mice
that they encounter.

At time { = 0, all of the mice in western California are imfected, but
mice In castern Califormia and the rest of the country are not infocted.

We will simphfy our model of the United States by viewing the US.
as an mmfimtely long strip whose topography and wadth are rrelevant.
The * coordinate 13 very negative in San Francisco and very positive
in Boston.



2 The Reaction-Diffusion Equation.

Let u(l, x) denote the proportion of mice that are infected at time ¢ and
position . We will make the assumption that u(f, x) s controlled by an
equation of the form
du  Pu
i
whoere ¢ > )15 a mumber whose value can be determined by stundyving the rate

at which laboratory mice are imfected by the virus. Equation (1) 15 called
Fisher’s equation.

+ru(l — u), (1)

3 The Traveling Wave Assumption
We might look for a solution to (1) that has the form of a traveling wave,
ull,r) = f(xr — ct),

where ¢ = (0. Such a finction maintains the same shape over time but 15 a
wave that travels castward at a constant speed ¢ as § — oo, Thus,
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where s = ¢ — of. Substituting into (1), we got
df d'f
e — 1 —
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Char first goal 15 to find a solution [ to this equation that satisfies the following
conditions:

1.0 f=1,
2. f(s) =1 as s — —oo,

3. f(s) —0as s — oo

Ideally, we wish to find a solution at ¢ = (0. In this case, u(0, ) = f(=x).
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4 A Standard Trick

We can turn any sccond-order differential equation such as

df d&f

_E'Id.:s ~ ds

trf(1- 7). (2)

into a first-order system by introducing a new variable p such that p = .
That 15,

j{: — 2 (3)
dp
g = —ep—rf(l—f). (4)

The f mull cline 15 p = 0, while the p mll cline s

r

p=—f(1-N)=1f-1f
i i [

Therefore, we have two cquilibriom points: f=0,p=0and f=1,p=1.
The stabihty matriees for the first and sccomd eqmbibrmim points are

.d—(u l)muflﬁ’—(“ ]).
—r — ro—

Sinoe the trace of A 15 negative and the determinant 15 positive, the first

equilibrinm point, (0, 0), is stable. Since det{#) < 0, the second equilibrium
point, (1,0}, is unstable.

5 The Phase Plane Solution

We are interested in a solution to (4) that tends to the ongin as 5 — oo and
ooes to unstable equilibrinvm point, (1,0), as 8 — —oo. We will show when
¢ = 4r, thore is such a trajectory in the lower half of the phase plane.

e There 18 a trajectory in the p < 0 part of the phase plane that tends
towards (1,0) as s — —oo and that for moderately negative values of
. has p < 0 and [ < 1. Smee f mst be a decreasing function, we
require £ = p o< 0.



