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THE MULTIVARIATE NORMAL AND CHI-5QUARE DISTRIDUTIONS

Let &y, Za, ..., L be imdependent N{0), 1) random vanables. When treated as the
coordinates of a point in R® they define a random vector &, whose (juint) density function

f(x) = (20) ™ exp (-1 3", =) = (2m) ™ exp (— L 12I%)

Such a random vector 15 sawd to have a spherical normal disiribution.

The chi-square, x= . is defined as the distribution of the sum of squares Z3F + ..+ Z2 of
independent N{{), 1) random variables. The noncentral chi-square, 2 (), with noncentrality
parameter 7y > 0 is defined as the distribution of the sum of squares (Z; +7)* + Z5. ..+ Z3.

The spherical symmetry of the density f{-) 15 responsible for an important property of
multivanate normals. Let qq, ..., qn be a pew orthonormal basis for R®, and let

Z=Wqi+...4+Whgn
be the representation for Z in the new basis.
Theorem. The W, ... W, are also independent N (0, 1) distributed random vanables.

If you know about multivanate charactenstic functions this 15 easy to establish using
the matrix representation £ = QW , where @@ 15 the orthoronal matnix wath colomns

Q1:---:1n-

1 bedl B {in Z-coondnales) - ball B* {in W-coordinales)

.
2
A more intwtive explanation 15 based on the approximation
P Z e B} = f(z)(volome of )
for a small ball 2 centered at = The transformation from Z to W corresponds to a rotation,
" PlZc B} =P{W < B"},
where 2° 15 a ball of the same radms, but centered at the point w = (ury, ... wy) for which
wqr + - .. + WeQe = %. The last equality implies ||w]|| = |lz||, from which we pet
P{W c B} = ()™ exp{— ] |]w]* (volume of B7).
Thet 15, W has the asserted spheneal normal densaty.

To prove results about the sphencal normal 1t 15 often merely a matter of tramsformng
to an appropriate orthonormal basis.
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Theorem. Let X be an m-dimensional subspasce of B®. Let & be a vector of mdependent
N(0,1) random vartabdes, and g be a vector of constants. Then

(i) the projection Z of & onto L is independent of the projection & — 7 of Z onto X1,
the orthogonal complement of X.
(1) ||f||2 has a x5, distribution.
(i) ||Z+ p|* has a noncentral x5 (v) distribution, with v = |-
(iv) ||f + p||* has a noncentral x3 () distribution, with v = ||u]]-
Proof. Let q,...q, be an orthonormal basas of B® such that q,, .. ., Qy span the space X
and Qu .- -- . On Span XL HZ=W,q +---+ Wya, then
L =Wq +...+ Wogm.
Z-%= Wi 19m 1 + .. + Woay,
IZ]* = Wi +---+ WL,
from which the first two asserted properties follow.
For the third and fourth assertions, choose the basis so that g = vqg,. Then
L+p=W+7)q + Woqa + ... + W,a,
Z+p= (Wi +9) + Weqz + ... + Wrgm
from which we get the noncentral chi-squares.

Fact about the multivariate normal

If £ 15 an n x 1 vector of independent N(0, 1) random varnables, if p 5 an m = 1 vector of

constants, and if A 15 an m x m matnx of constants, then the random vector X = p 4+ AZ

has expected value g and vanance matrnix V = AA’, and moment penerating function
Eexp(t'X) = exp{t'n + ' AA'LS2)

In particular, the distnbution of X depends only on g and V. The random vector X has

a V(g V) distribution. If v 15 a k& x 1 vector of constants and B 15 a k& x m matnx of

constants then
Y+ BX =(v+ Bp)+ BAZ

has a N (v + Bu, BV ') dstnbution.

Standard distributions

SO
& has a N(0, 1) distnibution
5% has a xi distribution
5% has a yj distribution
with all random varables independent of each other. Then, by defimton,

Z T
———— has a t-distribution on k degrees of freedom (i)
v/ Sifk
ani
Si/E iR
Sﬂ_ﬂr has an F-distnbution on £ and k deprees of freedom ':Fl.i:'
]

Davin PoLLARD -2 B Ocroner 2007



