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Constraint Systems and Circuits

Circuits

Elertrical circuits are made up of components, such as resistors, capacibors, indoctors, and tran-
sistors, connected topether by wires. You can make arbitracly amasng, complicated devices by
hooking thess things up in different ways, but in order to belp with analysis and design of cireots,
we need a systematic way of understanding how they work.

As usual, we can't comprehend the whole thing at once: 165 too hard to analyze the system at
the level of mdividual components, so, again, we're poing to binld a model o terms of primotives,
means of combination, and means of abstraction. The primitives will be the basic components, such
as resistors amnd op-amps; the means of combination 15 winng the primitives topether into cireoits.
We'll findd that abstraction in circuits 15 2 bit harder than in software or linear systems: separately
desipned parts of a cirenit tend to influence one another when they are connected together, unless
vou design very carefully. We'll explore a number of examples of when amd how the abstractions
can help ws, but also when they can leave out important detaal and require different models.

Constraint Models

S0 far, we have looked at 4 number of different models of systems. 'We have thought of software
procedures as computing functions, of a robot *bram” as performing a transduction from a stream
of mputs to a stream of outputs, and of hinear svstems as a special subelass of transductions that
we can analy=e for stalality and other properties. In each case, we were able to construct or analyze
the behavior of sub-parts of the system, as functions or transductions, and then abstract away from
their implementations, use them to bald more complex systems, and use the understanding of the
components to understand the larper system.

Mow we're poing to consider a different class of systems that has a kind of modulanty, but where,
typcally, you have to have a description of the entire system in order to say what 15 poing to happen
m A local prece of 1iE. 'We will be able to view the sub-parts as puttimg “constramts” on the overall
elobal behavior of the system; once enough pleces are put together and their constramts are taken
topether, the behavior of the entire system will be specified.

One mtutive example 5 a set of ngd rods connected toeether with pins, all resting lat on a table.
If we: specify the x, y coordinates of the end points of one rod, and the lengths of the other rods, and
the way in which they 're connected together, we have descnbed a set of constramts on the positions
of all the rods. I for example, we connect 4 rods of length 1 n a square, then the posibions of
the other rods are not completely specibed, becanse the square can be squashed into a mumber of
different rhombuses. On the other hand, if we connect only three rods mto a tniangle, then the
possition of the third vertex will be completely specihed.
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We will use this way of thinking about and specifving the behavior of a system to understand
simple electrical cireouits as systems of constraints.

Voltage and current

Voltage 15 a difference 1o electrical potential between two different points o a coremt. ' We wall,
renerally speaking, pick some point in a cirenit and say that it s Yground” or has voltage (.
Mow, every other point has a voltage defined with respect to ground. Becaonse voltage 15 a relative
concept, we could pick any point i the cromt and call it ground, and we would stall get the same
resulis.

Current = a Qow of electrnical charpe through path in the ciromt. A positive current in a direction
15 penerated by negative charges (electrons) moving in the opposite direction.! We're not going to
worry about the details of what particles are doing what (until we get to semiconductors, in another
class). We'll just have to be careful when we draw and deseribe cdreoits to label the directions of
the currents we're talling about.

Static circuit model

A circuit 13 made up of a set of components, wired toeether in some strocture. Each component has
a current. Bowing through it, and a voltage difference across its two terminals (points at which it s
connected into the ciremt). BEach type of component has some special characteristios that gowvern
the relationship between its voltage and current.

In peneral, circmits have dynamie behavior. That =, the voltages and currents i the system change
over time. Models for the dypnamxe behavior of ciremts are usually in the form of difference or
differential equations. For now, we will consider a simpler case, one where we have assumed that
the dynamw behavior has settled to an equiliboum state.

In this equilibrinm setting, we will consider the case where combinations components, and the way
they are connected, provides a set of constramnts on the equbbroum state of the aremt. We'll
wirk through this view by starting with the constraints that come from the structure, amnd then
examining constraints for two simple tyvpes of components.

Conservation laws

One set of constraints in circnit problems stems from enforcing & conservation low on the cremt
currents, often referred to as Kirchoff s Cuwrrend Law (KCL). This conservation law holds troe, no
matter what londs of components we use 1o our circmit. We'll desenibe the conservation law using
the cireuit i bpore 1A, For now, don’t worry about what's in the components labeled A through
D). You can see that we've labelsd the current through each component with an arrow, amd namsed
it i, We can choose these armows to point i oany direction we like, as long as we treat them
consistently (we'll say this more precisely later). For each component, we can also talk about the
voltage drop across the component, which we've labeled v, It s the potential difference between

'AL the semi-comducior level, it can also be viewed in an oversimplifis] way as as “bobs® or positive derges
mowing in Lhe direction of U corrend.
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Fipure 1: A, Ciremit with four components. B, Ciremt with three resistors and a voltapge souree.

the terminal labeled "4 amd the terminal labeled -, which should apgree with the direction of the
current arrow for the component, Howing from "4 to '~

Kirchhoff's Current Law (KCL)

Each place mn a circmit where two or more components connect 15 called a node, and we can label
each of them with a node name (like ny, na, ete.).

Kirchhofl's current law 15 a source of comnstraints that govern the behavior of a ciremt. It says that:

The alpebraie sum of current entering any node must be zero.

We can write a KOL equation for each node 1in our ciremt. Sinee there 13 a2 wire connecting nodes
iy amd ng, in fact they have the same voltage, and can be considered as a single node for the
purpases of analysis. So, we have, at node g, that 154 1g — 0. At node nz, becanse 1t's the same
as node ny, things are a little tricky. 'We have incoming current from A, and current Howing out
through B, C, and D. S0, we get the eqguation: ig | ic | ip  ia — 0. Remember that the sippns
of these currents and their directions are all a matter of comvention: we don’t actually know yet
whether the voltage at nz will be hagher than the voltage at ng or not.

Node n3 s connected to the ground symbol (that stack of three horizontal lines), which means we
will treat it as having voltage (1. So, we can speak, now, of the voltage at node 1y, which we'll
write vy, which 15 really the voltage difference between ny amd nz. We will say that we've solved
a circut, when we've been able to heure out the voltages at all the nodes and the currenids through
all the components.

Elements

Mow we need to know what the actual elements of the crcuit are, 1o order to know how 1t 15 going
to behave. In this course, we'll start by considening two very basic elements: imdependent. voltage



