ECE 7670
Lecture 3 — Groups, rings, ficlds, and Galois ficlds

Objective: To become acquainted with some basic algebraic concepts.

1 Groups

A proup formalizes some of the basic rles of arithmetic necessary for cancellation
and solution of some alpebraic equations.

Definition 1 A group ({7, +} is a set (7 together with a (closed) binary operation
* o {x auch that:

o ((i1) The operator is associative.

o ((:2) There is an element ¢ € (7 guch that axe = exa = a for all & € 7. Soch
an clement i the identity element

o ((G3)For every a € (7, there 8 an element & € (7 auch that @+ & = e. This &b
18 said to be the inverse of 2 with respect to =, The inverse of a i3 sometimes
denoted as o',

Where the operation is clear from context, the group {(7, +) may be denoted simply
as (.

It should be noted that the notation + and @' are peneric labels to indicate the
concept. The particular notation used 5 modihed to bt the concept. Where the

group operation g addition, the operator + 5 used and the inverse of an element a
B more commonly represented a8 —a. When the group operation i@ multiplication,

cither - or juxtaposition 8 wed to indicate the operation and the inverse 18 denoted
-1
a8 I .

Definition 2 If (7 has a finite number of elements, it is said to be a finite Froup.
The order of a finite group (7, denoted (7], &8 the mmber of elementa in 7. 0O

Thia definition of order (of a group) is to be distinguighed from the order of an
element, Fiven below. O

Example 1 The set (£ +), which is the set of intepers under addition, forms a
group. Ule dentity eloment i 0, since 14+ a = a4+ 00 = a for any a € £ The inverse
of any a € £ 18 —a. I
As a matter of convention, a group that is commutative with an additive operator
18 said to be an abelian group (after N_H. Abel).

We now present several examples illustrating groups arsing in a variety of con-
texta.
Example 2 The set {£, -), the set of integers under multiplication, does nat  form
a pronp. Uhere i3 a moltiplicative identity, 1, but there is no multiplicative inverse
for every element in & I

Example 3 The set (4 {0}, -), the set of rational nuombera excluding 00, ia a group
with identity element 1. The inverse of an element a is 1/a. 0
The requirements on a group are strong enoagh to introduce the dea of cancellation.
In & group (7, if a * b = a ¢, then b = ¢ (this & left cancellation). To see this, let
a~ ! be the inverse of a in (7. Then

a! t{ﬂtb}:l‘l_l * (o * r)
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from which it s immediate, using associativity and the operation of the identity
that & = e

Under proup requirements, we can also verify that solutions to linear equations
of the form a + 2 = b are unique. Using the group properties we get immediately
that # = a~"h. If 71 and x2 are two solutions, such that a =2 = b = a + 22, then
by cancellation we et immediately that 2y = 2q.
Example 4 Let (¥, +) denote addition on the nnmbera {0, 1,23, 4} modulo 5.
The operation is demonstrated in tabular form in the table belowr:

+ |0 1 2 3 4
(o 1 2 3 4
1 (1 2 32 4 D
2(2 3 4 0 1
3 (4 4 0 1 2
1 (4 0O 1 K

Clearly () is the identity element. Since 0 appears in each row and column, every
element has an inverse. By the uniquencss of solution, we st have every eloment
appearing in every row and colomn, as it does. Thos we verify that (5, +) B a
ETCHLLPR. rl
In general we will denote by (£, +) the set of numbers 0, 1, ... n— 1 with addition
midudo .

Example § Consider the set of numbers {1,2, 3,4, 5} using the operation of mml-
tiplication modulo 6. T'he operation is shown in the following table:

-l1 2 3 4 5
11 2 3 4 5
2|2 4 0 2 4
3|32 0 3 0 3
1l4 2 0 4 2
El5 4 3 2 1

The mumber 1 acts as an identity, but this does not form a group, since not every
element has a multiplicative inverse. In fact, the only elements that have a mmlti-

plicative imverse are those that are relatively primee to 6, e, those numbers that
don’'t share a divisor with 6 other than one. We will see this example later in the

oontext of ringg. 1

Example 6 The group {2 x 2, 4} consista of two-tuples with addition defined
element-by-element modulo two. An addition for the group table is shown here:

+ | (00 (00) (LB (1,1)
(00} | (00) {(00) (1,0) (1,1)
(0,1) | (0,1) {00) (1,1) (1,0)
(Lo} | (L0} (1,1} (00 (0,1)
(L1} | (1,1} {10} (00) (00

0

Example T This example introduces the idea of permutations as elements in a
group, and is interesting becange it introduces a gronp operation that ia function
composition, as opposed to the mostly arithmetic group operations presented to
this point. It & also interesting because permutations arise in a variety of contexts
sich as bit-reverse shafting.

A permmtation of a set A i a function one-to-one onto function (a bijection) of
a sot A onto itself. It is convenient for purposes of illstration to let A be a set of
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n integera. For example,
A={1,234}.

A permutation ,, can be written in the notation

m=(3 11 2)

which means that
1 —3 2—4 d— 14 — 2
We can think of py &8 an operator, expressed in posthx notation. For example

I =3 or A = 2.

m=(1 31 2)

The composition pernmtation pyps Orst applies py, then ps, 8o that

1 2 3 A1 2 3 4y f1 2 3 4
MPfa=Y3 41 2/\a 31 2]°\1 2 ¢4 3

Thia is again another permmtation, s0 the operation of composition of permutations
B closed under the set of permmtationa. The identity permutation is

e=(123 1)

There s an inverse permuatation under compesition. For example,

_1_]13-'1
M =\3 41 2}

It can be shown that composition of permutations 8 sssociative: for three permmn-
tations y, pe and ps, then (pypa)py = py(paps). Thus the set of all permutations
on fn elements (in our example n = 4 forms a gronp. This group is referred to aa
the symmetric group on . letters. The group 8 commonly denoted by &, .

It 5 alzo interesting to note that the composition 18 nof commutative. This is
clear from thia example sinoe

_(r 2oy,
TRy 33 el e

B0 Mg 18 an example of a non-commutative groap. 1

1.1 Subgroups

A subgroup H is simply a group formed from a subset of elements in a proup
with the rame operation. If the elements of H are a strict subset of the elements
of {7, then the aubgroup is said to be a proper subgroup. If H = (7, then H is an
improper subgroup of (. Notationally, we may write H < (7 to indicate that H is
a proper subgroup of (7. (There should be no confusion using < with comparisoms
hetween mumbers becanse the operands are different in each case )



