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Combinatoncs |
T

Combinatancs is the study of collections of chjects. Specfically,
cowrating objects, arrangement, deangement, ofc. of objects along
Cownting ohjects is important in order to analyze algonthms and
compute disorete probabialimes

Originally, combinatoncs was motrated by gambling: counting
configurations is cssential to clementary probablity
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=L tin

A ample cample: |los many arrangements are there of a deck of
52 cards?

In addrbion, combinatoncs can be wsed as a proof techniguee

A combinatona) proaf 15 a proof method that uses counting
arguments to prows 3 statement.
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Product Rule

If oo cvents are pot mutually caclugve (that is. we do them

scparately ), then we apply the product nele
Suppose 3 procedure can be accomplishod with two disjoind
subtasks If there are . ways of doimg the Arst task and rg ways
of doing the second, then there ane

o
ways of dowmyg the overall procodire.
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Sum Rule |

i owo cvents are mutually ceclusive, that is, they cannot be done
at the same time, them we must apply the sum ke

if an ovent &y can be done i ry ways and an ovent o3 can be done
v fey ways and o and o are mtually cxclusve, then the nemiber
of ways of both cvents ocourmang s

m | mz
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There s a natwral generalzation to any sequence of m tasks;
namdly the number of ways m matually esoclusie coonts an ooosr
5

Ay | Ay |y g |y,

We can gree amother formulation in terms of sets. Let
Ay, Ay, .. A be painaise disgoint sets. Then

[Ay L Az Lt L Am] = |Aa| 1 [z 1o 1 [Am]

In fact, this is a special case of the gemeral Prancipie of
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Principle of Indusion-Eeclusion (PIE) |
ImLrusc Lo

Say there are two ovents, @) and ez for which there are 17 and ry
Mow. =2y that only onc event can ooour, not baoth.

In this situation, we cannot apply the gem rule? Wiy ¥
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Principle of Inclusion-Exclusion (PIE) 1l
InLrca tien

W cannot wse the 2am rule because we would be over countimg
the number of posable crtoomies.

Instead, we have to cownt the number of possble cutcomes of «,

and ¢z miws the number of posEble cutcomes in common 1o
hoth; i.e. the nismber of ways to do both “tasks".

If again we think of them as scts, we hawe

lAa] 1 [Aa] A Aaf
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It rschan tion

More: gemerally, wre haee the following.
Lemima
Let A, IT be smbscts of 2 finite sot [7. Then

L AU~ |4 18] JAnD|

2. |AN B < min{| A}, |3]]

3 |ANI] — [A] - JANE] = A (1T

& [A] - Ay

5. |ADE| — AU [ANE] - AR YANE| — AR 1 A
6. |Ax 0] — |A] = |5
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