A6 III CoMPLEXES

III.1  Simplicial Complexes

There are many ways to represent a topological space, one being a collection of
gsimplices that are glued to each other in a structured manner. Such a collection
can easily grow large but all its elements are simple. This is not so convenient
for hand-caleulations but close to ideal for computer implementations. In this
book, we use simplicial complexes as the primary representation of topology.

Simplices. Let up,uq,...,u; be points in BY. A point = = E:;[, A;ju; is an
affine combination of the u; if the A; sum to 1. The affine hull is the set of affine
combinations. It is a k-plane if the k + 1 points are affinely independent by
which we mean that any two affine combinations, = = % Auw; and y =3 pyu;,
are the same iff A; = y; for all i. The k + 1 points are alhnely independent iff
the k vectors u; — up, for 1 < i < k, are linearly independent. In B? we can
have at most d linearly independent vectors and therefore at most d+ 1 athnely
independent points.

An affine combination = = % ANu; i a conver combination if all A; are non-
negative. The conver hull is the set of convex combinations. A k-simpler is the
convex hull of k& + 1 affinely independent points, o = conv {ug, wy, ..., ux ). We
sometimes say the u; span o. Its dimension s dime = k. We use special names
of the hrst few dimensions, verter for Osimplex, edge for l-simplex, triangle
for 2-simplex, and fetrahedron for 3-simplex; see Figure [IL1. Any subset of
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Figure I11.1: From left to right: a vertex, an edge, a triangle, and a tetrahedron.

affinely independent points is apain affinely independent and therefore also
defines a simplex. A face of o is the convex hull of a non-empty subset of the
w; and it is proper if the subset is not the entire set. We sometimes write 7 < o
if 7 is a face and 7 < o if it is a proper face of . Since a set of size £+ 1 has
2k+1 subsets, including the empty set, o has 251 — 1 faces, all of which are
proper except for o itself. The boundary of o, denoted as bd e, is the union of
all proper faces, and the interior is everything else, int e = o — bhdo. A point
r € o belongs to int o iff all itz coeflicients A; are positive. It follows that every
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point = € o belongs to the interior of exactly one face, namely the one spanned
by the points u; that correspond to positive coefhcients A;.

Simplicial complexes. We are interested in sets of simplices that are closed
under taking faces and that have no improper intersections.

DeErFiNITION. A simplicial compler i3 a hnite collection of simplices K such
that # € K and 7 < o implies 7 € K, and o,0p € K implies o N oy i either
empty or a face of both.

The dimension of K is the maximum dimension of any of its simplices. The
underlying space, denotes as | K|, is the union of its simplices together with the
topology inherited from B2, A polyhedron is the underlying space of a simplicial
complex. A irtangulation of a topological space X is a simplicial complex K
topether with a homeomorphism between X and | K|, The topological space
is triangulable if it has a toangulation. A subcompler of K iz a simplicial
complex L C K. It is full if it containg all simplices in K spanned by vertices
in L. A particular subcomplex is the j-skeleton consizting of all simplices of
dimension j or less, KUY = {7 € K | dime < j}. The O-skeleton is also
referred to as the verter sef, Vert K = K™, Skeleta are generally not full.
A subset of a simplicial complex useful in talking about loeal neighborhoods
is the star of a simplex T conzisting of all simplices that have T as a face,
St = {o e K | 7 < o}. Generally, the star is not closed under taking faces.
We can make it into a complex by adding all missing faces. The result is
the closed star, St 7, which is the smallest subcomplex that contains the star.
The link consists of all simplices in the closed star that are disjoint from 7,
Lkt = {v € 5t | vnT = B}, It 7 is a vertex then the link is just the
difference between the closed star and the star. More generally, it is the closed
star minus the stars of all faces of 7. For example if K triangulates a 2-manifold
without boundary then the link of an edge is a pair of points, a O-sphere, and
the link of a vertex iz a cycle of edges and vertices, a 1-sphere.

Abstract sumplicial complex. It is often easier to construct a complex
abstractly and to worry abut how to put it into Euclidean space later.

DeEFNrTION. An abstract simplicial compler is a finite collection of sets A
such that ¢ € A and 7 C o implies 7 € A,

The sets in A are its simplices. The dimension of a simplex is dim o = card o—1
and the dimension of the complex is the maxioum dimension of any of its
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gsimplices. A face of « 15 a non-empty subset 7 C o, which is proper if 3 +# .
The verter set is the union of all simplices, Vert A = [ JA = |J .40 A
subcompler is an abstract simplicial complex B € A. Two abstract simplicial
complexes are isomorphic if there is a bijection b : Vert A — Vert B such that
a € A il b{a) € B. The largest abstract simplicial complex with a vertex set
of size n has cardinality 2™ — 1. Given a (geometric) simplicial complex K, we
can construct an abstract simplicial complex A by throwing away all simplices
and retaining only their sets of vertices. We call A a verter scheme of K.
Symmetrically, we call K a geometric realization of A but also of every abstract
gsimplicial complex isomorphic to A. Constructing peometric realizations is
surprisingly easy if the dimension of the ambient space is sufhiciently high.

GEOMETRIC REALIZATION THEOREM. An abstract simplicial complex of di-
mension d has a geometric realization in B2+,

Proor. Let f : Vert A — R?*! he an injection whose image is a set of points
in peneral position. Specifically, any 2d + 2 or fewer of the points are athnely
independent. Let « and o be simplices in A with k& = dim a and ky = dim ag.
The union of the two has size card (o U ag) = card e+ card aeg —eard (o Mag) <
k+ko+2 < 2d+ 2. The points in @ U ap are therefore afhnely independent,
which implies that every convex combination x of points in o U ap is unique.
Hence = belongs to o = conv f{a) as well as to og = conv f{ag) iff ris a convex
combination of & M agp. This implies that the intersection of & and og is either
empty of the simplex conv f(a M ag), as required.

Simplicial maps. Let K be a simplicial complex with vertices ug, uq, ..., u,.
Every point © € | K| belongs to the interior of exactly one simplex in K.
Letting o = conv {ug, uyq, ..., ug} be this simplex, we have r = Zﬁﬁ] Aju; with
EL{, A; = land A; = 0 for all 1. Setting b;(x) = A; for 0 < 1 < k and b;(x) =0
for k+1 < i< nwehaver =%, ,b(z)u; and we call the b;(x) the barycentric
coordinates of = in K. We use barycentric coordinates to construct continuons
TS,

DEFINITION. A wverter map is a function o : Vert K — Vert L with the prop-

erty that the vertices of every simplex in K map to vertices of a simplex in L.
Then ¢ can be extended to a contimwous map f | K| — | L] defined by

1) = Y bz)elu).
i=({

the simplicial map induced by .



