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1 Kernel Density Estimation

Consider kernel density estimator

o =13 KT, (1)
with performance measure
MISE;(f) = [ Ep(ia) - fa)Ps 2)
B f Var, f(x)ds + f Bias? f(x)dx. ()
We will show that
[Vargiwas = o) ()
[ Binsi fla)de ~ n) (5)

To get optimal MISE rate, we balanee these two terms by choosing A = n= /5. And we get the optimal rate
MISE* = n—4/5,

Theorem 1. (van der Vaart, 1998, Theoremn 24.1)
Assume that

o Xy, . X, iid distributed according to density f,

o [ twiee eontinuously differentiable,

o [|f"(z)ldr < oo,

o kemel K st [yK(y)dy =0, [ 42K (y)dy < oo, and [ K2(y)dy < oo,

Then AC; at. MISE < EJ'{E]E + k4

Proof. We start by bounding the varianee term.

Vary f(z) - r—l_l'ﬁfﬁrj-—:tff[l-_—ﬁ} fhecamm Xy, .. K. amiid (6)
i ij E';H'E{ = _hxl ) drop square of mean to get inequality (T)
TEHE

- ﬁ f K2(y) f(x — hu)dy (8)

|



2 Lower Dounds on Rate of Convergence

Integrate \-far;_f[x}, wo et

[ [ vtz = — [ K)o (9)

For the hias term, by the following Taylor expansion:

4R — ) = hf'() 4 B2 [ ah)(1 ), (10)
we have
Efa) 1) = [ GKE0d - 5 (1)
- fﬂ K@) — hy) — F(x))dy (12)
-/ K@) kuf () + (k" — sh)(1 — o)]dudy (13)

where the first term in the square brackets ean be eanceled due to the fact that K has mean 0. Use
Canchy-Schwartz on ¥ ~ K(y) and ¥ f"(x — ShY)(1 — §) with § ~ Unif(0, 1), we got

Bins’(z) < 3 ( H{y}m)&( (e ) (14)
O

More gencrally, assume that f has m-continous derivative, and K satisfies [ K(y)dy > 1, [yK(y)dy =
— j-ym_jff[y]dy — (), IyEK{y}dy < oo, [|u™K(y) < oo and jﬁi{y}dy < oo, then Bias? = ﬂ{ﬁ-ﬂm}l,
h* = ﬂ{nﬁﬁ], MISE* = ﬂ{n'ﬁh} —n~ ! ag m — oo which is the parametrie rate.

2 Rate Optimality

We use Assousd’s lemma (e.f. Fano's lemma). We will coneentrate our anallysis on a subset of funetions F,,

indexed by bit veetors 8 € {0,1)™. where r, = [n"rT14'T]- F,. contains 2™ functions. Set b, — n Tt lot
Xn - Ay m be a grid of mesh with width 24, Define

frol(x) = flz) + K7 ¥ 0K ( ) (15)
il Fin

for a kernel K with support (0,1). Also define Hamming distanee
n
H(0,0) = |6; — 8], (16)
i

and some sort of variation

1P AQ| = f{pmg]d,; (17)
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Lemma 2. Assonad's Lemma (van der Vaart, 1998, Theorem 24.3)
For an estimator T bascd on an observation from a model in the sel [Py -8 € {0,1}7} and any p,

dP ([, (Y} .
mpx P Eo(T.4(0) =, min TN T wmin 17 A Pyl (18)

We want to apply Assouad’s lemma to the produet measures resulting from the densities f, o.

First, define affinity

AP.Q) = [ vradn (19)
we need the following lemma.
Lemma 3.
n 1 P . Tl 1 1 a =
1P Q7 = 54 = 5 (1- 3 HP.0) (20)
Proof. First, note that
H(P.Q) = [(/5- vilde=2-24(P.Q), 21)
pqg = (pvallprag). (22)
By definition of affinity,
. a
#p.Q) ~ ([ vrdu) (23)
s P
= ([fovaPera ) 24
]
= if{p+ q]”il[:rmr}l”gd#) (25)
< i f (p+ .;]d;;) ( {p.-"iq]dp) by Canchy-Schwartz (26)
= EfF-"'H;I'dP:2||Pf"L'T|| (27)
By Fubini's theorem, we have A(P™, Q™) = A(P, Q)". Therefore,
I AQU = SANPM.QY) = S AP.Q)™ (28)
g 1 -
- ! (l e t:r}) | (20)
[

Theorem 4. (van der Vaart, 1998, Theorem 2§.4)

There cnists a constant I) such that for any density estirmator _fu

l)im_.l'{!m} 1)

sup By [ (Jute) - s) s> D (5

(30)



