Chapter 4

Variances and covariances

The expected value of a random variable gives a crude measure for the “center of loca-
tion™ of the distribotion of that random variable. For imstance, if the distribotion is symmct-
ric about a valuc i then the cxpected value cquals g, To refine the picture of a distribution
distributed about its “center of location™ we need some measure of spread (or concentration))
around that value. The simplest measure to calculate for many distributions is the variance
{or, more preciscly, the square root of the variance).

Definition. The variance of 2 random vanable X with cxpected valoe KX = p is de-
fincd as var(X) = E((X _#}3}_ The square oot of the variance of a2 random variable is
called its standard deviation, somctimes denoted by sd(X ).

The covariance beiween random variables ¥ oand £, with cxpecicd values piy and s,
is defined as cov(Y, £) = E((¥ — puyZ — pz)). The correlation between ¥ oand Z is
defined as

con(Y, Z) = cow(l, Z)
1 J\rar{f}var[?ﬂ}

The mandom vanables ¥ and Z are sand to be uncorrelated i corr( Y, £) = ().

Motice that cov( X, X) = var(X). Resulis about covariances contain results about van-
ances as special cases.

REMARK.  Sirictly speaking, the variance of a random variable i not well defined
unless it has a fAnite expectation. Similarly, we should not Lalk aboul corr(¥, ) un-
le=s both random variables have well defined vanances for which 0 < var{¥) < oo amd

() = van{£) < oo.

Somctimes it is casicr o subtract off the cxpected values at the end of the calcula-
tion, by mcans of the formulae cov(¥, Z) = E(¥Z) — (EY)EZ) and, as a particular case,
var{ X)) = E(X%) — (EX)? . Both formuolac follow via an cxpansion of the product:

covi(¥, Z) =B (VZ —pyZ — uz¥ + pypy)
=E(YZ) — pyEZ — pEY + pyp;
=K(¥YE)— pypy.

A pair of random variables X and ¥ is said io be independent if every eveni deter-
mined by X iz independent of every event determined by ¥ . Por cxample, independence
imiplics that cvents such as (X < 5} and |7 =< ¥ < 18] arc independent, and 50 on. Inde-
pendence of the random variables also implics independence of functions of those random
variables. For cxample, sin{ X' ) would be independent of £, and s0 on. For the purposcs
of Stat24] . you should not fret about the definition of independence: Just remember to cx-
plain why you regard some picces of imformation as imelevant when you calculate condi-
tional prohabilitics and conditional expectations.
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For cxamplc, supposc a random variable X can take valucs x;. x5, ... and that X
is Indcpendent of another random vaniable ¥. Consider the expected value of a produoct
g X W), for any functions ¢ and k. Calculate by conditioning on the possible valucs taken
by X:
Eg(X)h(¥) =} PIX = x)E@(X)R(Y) | X = x;).
(riven that X = x;, we know that ¢{(X) = gi{x;) but we got no help with understanding the
behavior of k(Y ). Thus, independence implics

E(g(X)h(Y) | X =x) = g(x)ER(Y) | X = x) = g(x)Eh(Y).

Dedoce that
Eg(X)h(¥) = E:. MX = x;}glx ) ER(Y) = Eg(X)Eh(Y).
Put another way,
cov (g(X), A(¥)) =0  if X and ¥ arc indcpendent random variahles;

cach function of X is uncorrelated with cach function of ¥. In particular, if X and ¥ arc
independent then they are uncormclaicd. The converse is not usoally troc.

Example 1: An cxample of oncommclaicd random vanables that are dependent. (Do
not ook at this cxample until you have read how o calcolate covaniances between
lincar combinations of random vanables.)

The vaniance of a random vaniable X is unchanged by an added constant: van(X + ) =
var{ X} for cvery constant ', becavse (X 4+C)—E(X +C) = X —EX, the C's cancelling. It is
4 desirable property that the spread should not be affected by a change in location. Howewer,
it is alsn desirable that multiplication by a constant showld change the spread: var(C X)) =
Cvar(X) and sd(CX) = |Clsd( X)), because (CX — E(CX))* = €3 X — EX)®. In summary:

var(a + bX) = b var(X) and sdia + bX) = |b|sd({X) for constants @ and b.

REMARK. Ity nol Lo confuse properties of expected values with properiies of
varianoes: [or constants « and & we have var(a + #X) = Fvar(X) bul E{a + £X)
a + FEX. Measures of location (expected value) and spread (standard deviation)
should react differently o linear transformations of the variable. As another axam-

phec il a given peece of “information”™ implies that a random variable X muost take the

constant value © then E(X | information) = ©, but var{X | information) = (.

It is also a common blunder Lo confuse Lhe formula for the varianee of a dillfer-
ence with the formula E(y — ) = E¥ — EZ. Il you ever fAnd yoursell wanting Lo
asserl Lhal var(¥ — ) s equal Lo var¥) — var(£), think again. Whal would happen
il var(Z) were lrger than var(¥)? Varianoes can’t be negative.

Covariances become pscful when we consider vanances of sums of random variables.
For cxample, var(Y + Z) = var(Y) + 2eov(¥, Z) 4+ van(X), a result that follows by taking
cxpcctations of both sides of the cxpansion

(X+¥ —px—pr) = (X — px)’ +2(X — px) (¥ — pr) + (¥ — pr)".
More gencrally, for constants a, b, ¢, d, and random wvariables 7, V., ¥, £,

cowl{all + BV, c¥ 4+ d)
= acow(ll, ¥+ bccow(V, ¥) + ad covi(l/, Z) + bd cov( V¥, £).

It is casicr to sce the pattern if we work with the centered random variables U = 7 — gy,
cenn & = & — pz. For then the kefi-hand side becomes

El{ial!' + bV )Y +dZ)) =Elac U'Y +be V'Y 4+ ad WE + bd V'Z')
=ac E(IY) + be B(V'Y ) 4 ad QU Z") 4+ bd E{V Z).

The cxpocted values in the last line correspond to the four covanances.
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If ¥ and & are uncormclaicd, the covanance tcrm drops out from  the cxpression for the
variance of their sum, lecaving var(Y 4+ Z) = var(¥) + var(Z). Similady, of X,, ...  X_ arc
random variables for which covi X;, X;) =0 for cach i  j then

var( X, + ...+ X, )=var(X,) 4+ ... +var(X ) for pairwise wncorrelated rv's.

You should check the last assertion by cxpanding out the quadratic in the variables X, —EX;,
obscrving how all the cross-product terms disappear because of the zero covarianoes.

There is an cnormous body of probability litcrature that deals with approximations to
distribations, and bounds for probabilitics, cxpressible in werms of expected values and vari-
ances. (One of the oldest and simplest examples, the Techebychey incquality, is still uschul,
cven though it is rather crude by modern standards.

Examplc 22 The Tchebychev imeguality: PY|X — | = €} < var(X)/e?, where
p=EX and £ = (.

The Techebychey hound cxplains an important property of sample means: their distribo-
tions concentrate increasingly around their cxpectations as the sample sizc increascs.

Example 3: Concentration of sample mcan about cxpected valoc.

The concentration phenomenon will also hold for averages of dependent random vari-
ables, if the variance is small.

Example 4: Companson of spread im sample averages for sampling with and wiih-
out replacement: the Decennial Census.

As with cxpectations, vanances and covariances can also be calcolaied conditionally on
various picoes of imformation. The conditioning formula in the final Example has the micr-
pretation of a decomposition of “vanability™ into distinct sources, a precursor to the statisti-
cal technigue know as the “analysis of vanance™.

Example 50 An cxample to show how vanances can somctimes be decomposed
min componcnis atinbutable to difference sources. (Can be skipped.)

Things to remember

e Eg(X)(Y) =Eg(X)ER(Y) if X and ¥ arc indcpendent random variables
= the initial definitions of variance and covanance, and their cxpanded forms cov(Y, ) =
E(YZ) — (E¥)(EZ) and var{X) = E(X%) — (EX})?
s var(g + bX) = M var(X) and sd(a + bX) = |b|sd({X) for constants a and b.
e For constanis a, b, ¢, d, and random vanables {, ¥V, ¥, £,
coviall 4+ bV, c¥ 4+ dZ)
= accov(ll, ¥) + becowv(V, ¥) 4+ ad covil/, Z) 4+ bd cov(V, Z).

s Sampling without replacement gives smaller variances than sampling with replacement.
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