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5.3 Determinants and Cramer’s Rule

Unique Solution of a 2 x 2 System

The 2 x 2 system
ar + by = e
(1) cr + dy = [,

has a unique solution provided A = ad — be is nonzero, in which case Lthe
solulion is given by

de —bf af — ce
e

2 qp = : i
(2) . ad — be J ad — be

This resull, called Cramer’s RRule [or 2 x 2 syslems, is usually learned
in college algebra as part ol delerminant theory.

Determinants of Order 2

College algebra introduces matrix notation and delerminant notation:

a b
A= ( iy ) , del(A4) =

Evaluation ol a 2 x 2 determinant is by Sarrus’ Rule:
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- dl= ad — be.

The boldiace product ad is the product of the main diagonal entries and
Lhe other product be 15 [rom Lhe antli-diagonal.

rramer’s 2 x 2 rule in determinant nolatlion is
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Unique Solution of an n x n System

Cramer’s rule can be generalized Lo an n x n system ol equations AxX = b

or
anry + aprz + - + @ = I,

anry + apry + -+ 4+ dopIn = b,

(4)

1T + Gpzfz + - 4+ GppTn = by
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System (4) has a unique solution provided the determinant of coeffi-
cients A = del{A) is nonzero, in which case the solution is given by

A A A
(5) EI—EI, :r,g—f,.. =

R -

a:,.:ﬁn_

The determinant Aj equals det(B;) where matrix B; is matrix A with

column j replaced by b = (b, ..., by), which is the right side of system
(4). The resuli is called Cramer’s Rule [or nxn systems. Determinants
will be delined shortly; intuition [rom the 2 x 2 case and Sarrus’ rule
should sullice [or the moment.

Determmnant Notation for Efamﬂr’ﬁ Bule. The determinant
of coellicients [or system Ax = b is denoted by
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(6) & =

Inl Un2 - dpp

The other n determinants in Cramer’s rule (5) are given by

h app -+ aygn ayy dayz -+ Iy

by az --- apm az  azz -+ b
(7) =] . . ... A=

bn ana -+ Opn Gnl Onz --+ by

The literature is lilled with conllicting notations for malrices, veclors
and determinants. The reader should take care Lo use vertical bars only
for determinants and absolute values, e.g., |A| makes sense lor a matrix
A or a constanlt A. For clarily, the notation det(A) is preferred, when A
is a malrix. The notation |A| implies thal a delerminent is a number,
computed by |ﬂ| =44 whenn =1, and |f?l| = aypiss — iz when n =
2. For n = 3, |A| is computed by similar bul increasingly complicated
[ormulas; see Sarrus’ rule and the four properiies below.

Sarrus’ Rule for 3 x 3 Matrices. College algebra supplies the
[ollowing [ormula for the determinant ol a 3 x 3 mairix A:

@ are Ay
det(A) = |[am az a
(8) a3 azz  agm

= ) )flgalay + dg)ilgailyg 1 dg)d)aday

—il) 1 g2y — A2)0) 2053 — A3]1d220]3.
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The number det(A) can be computed by an algorithm similar o the
one for 2 »x 2 malrices, as in Figure 10. We remark thal no [uriher
generalizalions are possible: there s no Sarrus’ rule for 4 x 4 or larger

rrucelriees!

il
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Figure 10. Sarrus’ rule for 3 = 3
v matrices, which gives

det(A) = (a+b+4+¢) —(d+ e+ f).

College Algebra Definition of Determinant. The impractical
delinition is the [ormula

(9) det(A) = Y (—)PAYE g gy,
TES,

In the formula, a;; denotes the element in row ¢ and column j ol the
malrix A. The symbol ¢ = (oq,...,0,) stands for a rearrangement, of
Lhe subscripis 1, 2, ..., n and 5, is the sel of all possible rearrange-
ments. The nonnegative inleger parily(o) is determined by counting the
minimum number ol pairwise inlerchanges required to assemble the lisi
ol inlegers oy, ..., oy into natural order 1, ..., n.

Formula (9) reproduces the deflinition for 3 x 3 matrices given in equation
(8). We will have no computational use lor (9). For computing the value
ol a determinani, see below four properiies and cofaclor erpansion.

Four Properties. The delinilion of determinant (9) implies the [ol-
lowing [our properties:

Triangular The value of del{A) for either an upper triangular
or a lower trangular matrix A is the product of the
diagonal elements: det(A) = ay gy - - -y,

Swap If B results from A by swapping two rows, then
det(A4) = (—1) det(B).
Combination The value of det(A) is unchanged by adding a mul-

tiple of a row to a different row.

Multiply If one row of A is multiplied by constant ¢ to create
matrix I3, then dei(B) = cdet{A).

Ii is known that these [our rules sullice to compute the value of any nxn
determinani. The prool of the [our properties is delayed until page 32(0).



