ME 201/MTH281/ME400/CHE400
Laplace Equation in a Cylinder -
Oscillatory Behavior in z.

In this notebook, we construct contour plots of a soluton of the Laplace equaton obtained in class. The
problem solved was to find the potential in a circular cylinder with zero potential on the bottom and top, and with a
specified potentdal (a quadratic functon of 7 in this case) on the side. The mathematical formulaton of the problem is
given below.

1 2@ d@ GR

- —|r ]+ =0, r<«-aand Q0 <z < A,
r ar\ ar ant

with®{(r =0, 2. =0 andd@a. z) =¥/ N(l - /K.

where ®; = constant. We solved this in class by separation of variables. The solution is
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where Inis the modified Bessel function of the first kind of order zero. We will use this solution as the basis for
constmcting contour plots of the potental in the cylinder. We begin by specifying the parameter values.

Bessell

- h=2.0 (#x M %) 3 =2.0 (== M x=x) 5 20 = 100.0 (xx volts zx):

Now we define the nth term in the series.
- term[r_, 2_, m_] ==
([(820) /n*) (BesselI[0, (nmr) /h] /BesselI[0, (nma) /h]) (Sin[(amwz) s h] /n)

Finally we define the kth partal sum.

- sol[r_, 2, k] := Sum[term[r, Z, n], {mn, 1, k, 2}]

We begin by checking the boundary function on the top of the cylinder. We set the option ImageSize to 250
for all of our plot statements. Because the boundary function satisfies the same boundary conditions as the z-eigenfunc-
mons, we expect rapid convergence. We use 21 tems in the series. We plot the exact function in red, the series sum in
blue.

a- SetOptions[{Plot, ContourPlot}, ImageSize —+ 250]:
- Plot[{sol[a, 2, 21], 20 (2/h) (1L - z/h)}, {2, O, h}, AxesLabel -+ {"h (m)", "2 (volts)"},
FlotLabel + "Potential on Side~, PlotRange -+ {0, 30}, Plotstyle + {Red, Blue}]
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The exact function and the series representation agres.

Now we use Manipulate to display a graph sequence, showing the profiles of potential versus radius for many
values of z. We first define a function profile[z] which retums the graph for the given value of z We write the routine
50 that 20 terms are used in the seres.
ren- profile[z ] := Module[{terms}, terms = 20;
Plot [sol[r, =z, terms] . {r, O, a}, AxesLabel -+ {*r (m}~, "® (volts)~ "}, PlotLabel =
Row[{~Potential at =z =", PaddedForm[z, {3, 2}]. " m"}] . PlotRange =+ {0, 25}]]

pre1- DynamicModule [{mangraph, 1}, Do[mangraph[i] = profile[(h+1) /80.], {1, O, 80}]:
Manipulate (mangraph[i]., {1, O, 80, 1}]]
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By using the shder, we can see the radial profile of potential at any height in cylinder (more accurately, at any
of 81 given height=s in the cylinder). The movie plays smoothly and shows how the potentual drops off with height most
rapidly near the top of the cylinder.

A= a final graph, we construct contours of constant potental in the cylinder. We use 10 terms In the partial
sums. To Eeep the geomery e, We Use an aspect rato equal to the height to width ratio. We ask for contours at 5
volt intervals from 3 to 20. The upper and lower boundaries are the zero volt contours.

rres- ContourPlot[sol[r, . 20], {r, -a, a}, {2, 0, h}, PlotPoints + 100,
AspectRatio + hys {(2a), Contours -+ {5, 10, 15, 20}, Contourshading -+ True]

If you use the mouse to place the cursor on any curve, Marthemarica will return the voltage of that contour.
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We check the potential in the center of the cylinder.

- Sol[0, b2, 21]
o5 14.9668

roa- ComtourPlot[sel[r, =z, 20). {r., -a, a}, {2, 0, h}., PlotPoints -+ 100,

Aspecthatio + hys (2a), Contours + {14.9668}, ContourShading -+ True]
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The potential in the purple regions is greater than 14 9663, and the potental in the tan regions is less than 14.9663.
We can add a few mor contours.

.m- ComtourPlot[sel[r, z, 20]. {r, -a, a}, {2, 0, h}, PlotPoints + 100,

AspectRatio + hys {2a), Contours -+ {5, 10, 14.9668}, Contourshading -+ True]
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