ME201/MTH281/ME400/CHE400
Zeros of Bessel Function Derivatives

We wrte code here to find the m, zero of the derivative of the Bessel function J,,. Here i is a positive integer,
and m is any non-negatve real number. The basis of the code will be the Mathematica routines FindRoot and
Beszel I7ero. Bessel I ero[m n] retums the nth positive zero of J,,. Before writing the code, we look at varions special
cases to collect ideas about the implementation of the general case. We start by defining a function which will graph
both J and J° for any m.

v47- bessgraph[m_] := Module[{f, g, =}, f[2_] = Besseld[m, 2] g[z_] =D[f[=], 2]
Print[Plot[{f[z]. g[=z]}. {2, 0., 10}, AxesLabel + {"2", "J, J "},
Plotstyle + {Dashed, Thick}, PlotLabel -+ Row[{~J, (dashed) and J',(s0lid)
for m = ", m}]1]11]

We set the image size for plots to 230.

47— SetOptions[Plot, ImageSize + 250];
We ry this for .J;.

421- bessgraph[2]
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Our first calculation will be to find the second zero of J';. From the graph, we see that each zero of the denvative is
bracketed by two zeros of the function. We will use these values as inifial puesses in FindRoot. More specifically, the
second zero of the denvative is bracketed by the first and second positive zeros of the function. Let's get those values

which we will call "left™ and "nght."
451- left = H[BesseldZero[2, 1]]
outf45- S5.13562
s- right = H[BesselJZero[2, 2]]

{4 S.41724

Those values are consistent with what we see from the crossings of the dashed line in the graph. We now use those
numbers as initial guesses in a FindRoot search for the second zero of J';. Because we are using two inital guesses,
FindE.oot will use the secant method. (It uses Newton's method for one initial guess.)

47— ans = Findkoot [D[BesseldJ[2, 2], 2] = 0, {z., left, right}]

mapaT- {2 = 6.70613)

This looks consistent with the graph. We check our result.
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r4n- D[BesselJ[2, z], 2] /. ans
Cutf4g- 5.27356 x 10°F
Close enough to Zero.

For most values of m and » the alporithm we have used for this particular case works well. However the
special case i = 1 (first root) sometimes requires some modifications in the ininal guesses. Let's look at a plot form =

X,
47~ bessgraph[5]
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According to our basic algonthm, the left and nght guesses are
s~ left = 0.0
Qo 0.
=11- right = H[BesseldZero[5, 1]]
s 8.77148
=2- ans = FindRoot [D[BesselJ[5, 2]. 2] = 0, {z, left, right})
s {Z =+ 0.}

Unfortunately our routing has converged to the unwanted zero at z = 0. The problem is that the function J; has a 5th
order zero at z = 0. We can see that in the extreme flamess of the curve near the ongin. We need to avoid this region

in our numerical work, 50 we choose a left endpoint further to the right. A generic choice which works is
=7- left = 0.5 = right

oI 4. 38574
It is clear from the picture that the zero of J,'is between left and right. We try this choice.

54- ams = Findioot [D[Besseld[5, z]., 2] = 0, {z, left, right}]

outsa- {Z =+ 6.415623
MNow we have the zero we want. Thus for n = 1, we will modify our routine to use these values of left and right.

Other problems occur if m is small. Let's oy to find the first zero form = 0.1.
=5~ right = BesselJZero[0.1, 1]

s 2.55745
sa- left = 0.5 = right
e 127873

57~ ans = Findioot [D[BesselJ[0.1, =], 2] = 0, {z, left, right}]

o {2+ -7.1731+4.00336x% 107 i}
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We zee two problems here. First we have picked up a numerical artifact - a small complex part. This is easily fixed
by incloding a Ke command in our final code. The more serious problem is that we have found a root that we don't
want. Let's graph the function to see what is poing on.

bessgraph[0.1]
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We see that there is a positive zero of the derivative very near the ongin. In this case, the zero was not included
between left and right, and the root-finding routine wandered off. For small z, we may approximate J.-{Z) by the first
w0 tems in the series expansion:

Series[Besseld[m, 2], {2, 0O, 2}]

; a-M =3 o3

z" - +0[z]"
\Gamma[l+m] (l+m) Gamma[l +m]

We convert this to a normal expression without the ermror estmate:

approx = Hormal [%]

) a-m o=3-M =3
E j—
_GEIII'I]]1.=_'|.[1+II1] |:l—]]1] IE-EI.'I:r|]]1El[l—]:|1]r

We use this approximation to find the location of the first zero of the derivative. First we clean it up a bit. We may
multply or divide by any non-zero constant without changing the location of the zero of the derivative.

approxl = Simplify[ (1 +m) Gamma[l +m] = 2'*™ » approx|
" [4+4m- 27

gimplify[Solve[D[approxl, 2] = 0, 2], m > 0]

{{z i, I! m ;21_+mm;. }}

|_J

We see that for small m, the first zero of the derivatve of J,is approximately + 2m . We want to choose our left

bracket endpeint to the lefi of this, so we choose it to be + m . Let's see if that works.
right = BesselJZero[0.1, 1]

2.55745

left = Sqrt[0.1]

0.316228

ans = FindRoot [D[Besseld[0.1, Z]. 2] = 0, {z, left, right}]
{z = 0.46351}

Our approximate value was



