THE DIMENSION OF THE MASS COAST LINE Math 21b, O.Knill

To measure the dimension of an object, one can count the mumber f{n) of boxes of length 1/ needed to cover
the object and see how fn) grows. If fin) grows like n?, then the dimension is 2, if n{k) grows like n, the
dimension 1 1. For fractal objects, hke coast lines, the number of boxes grows hke n* for a number = between
1 and 2. The dimension = obtained by comelating ye = logs f{k) with 2 = loga(k). We messure:

The Massachusetts coast line s a fractal of dimension 1.3,
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We measure the data: f(1) = 5, f(2) = 12,
f{4) = 32 and f(8) = T2. A plot of the data
(7%, 3k) = (lom(k), loga f(k)) together with a
least square fit can be seen to the nght. The
slope of the hine & the dimension of the coast.

It = about 1.205. In order to messure the di-
mension better, one would need better maps.




Finding the best hnear fit ¥ = ar + 5 5 equvalent to find the least square solution of the system
e + b = logg(5), la + b = ]ugz{lﬂ]-,ﬂﬂ+fr= Ir.q;g[.'ﬂj.?.u+b = logs(72)
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COMPARISON: THE DIMENSION OF THE CIRCLE

Let us compare ths with a smooth TE ™
curve. To cover a orcle with T | loga(8) =
squares of =ize 2m/2" we need i 11:11::;:15}—:!'
ahout f(n) = 2" to cover the ar- — ﬂ:r.
cle. We measure that the cirele 15 5| log,{d2) =
not & fractal It has dimension 1. 6 | log,(64) =6
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COMPARISON: THE DIMENSION OF THE DISK

For an other companson, we take = -

a disk. To cover the disk wath 3 Tog,(5) — 2.3
squares of sme 2r/2%, we need 1 o, (13) = 3.7
about fin) = EE'T squares.  We & | Tom, (40) = 5.61
measure that the disk s not a frac- 7 22]3 — e
tal. It has dimension 2. foga(213) =
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REMARKS

Caleulating the dimension of coast lines & a clazsical illostration of " fractal theory™ . The coast of Brottain has
been measured to have a dimension of 1.3 too. For natural objects, 1t s typieal that measunng the length on
a smaller scale pives larper results: one can measure empineally the dimension of mountams, clouds, plants,
snowflakes, the lung ete. The dimension 15 an indicator how rough a curve or surface 15



