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Very Early Days of Matrix Computations

By Beresjord Parlett

The following exsay is based on oae of foar retrospective talks given in July 2002 ai the STAM 50th Anarversary Meeting in Philadelphia. The
talk wax prepared for a gene ral SIAM audience and aot directed only to rumerical anabysty and historians. Interested readers can find a muck
Juller piciure in A History of Scientilic Compuling {edited By Stephen G, Nash and published by the ACM Press in T990).

“Perhaps you could walk about the founding of SIAM (1952) and 1ts relabion 1o work on matnx compulations.” Thal was my
mandale when | agreed 1o participate in the SMh-anmiversary retrospective in Phaladelphia. It ook hulde ume o ind out that the
[ounders of SLAM (the membens of the hmst council) were nol overly concerned with any
of the three standard matncial computing tasks: solve a sysiem of hnear algebrac
equations Ax = b, hunl [or cigenvalues, and [ind a least-squares solubion o an
inconsistent inecar system. Not one of the council members did research on these lopacs.

Bv contrast, SIAM recognized [rom ils inception the central importance of oplimiza-
ton mn general, and of lincar programming i particular. [Lis puzzling that optimzation
and matrix compulations ook =0 long w get acquanied. The fruits of cooperanon have
been of great value w both commumties.

The siwation with matnx compulatons changed abruptly hive years later, when the
Jowrnal of the Society for Industrial and Applied Mathematics—ihere was only one in '

those days—agreed (o publish papers given atl a conference on matrx compulalions ]

orgamzed by Wallace (nvens and held al Wayne Stale Umiversity carly in Seplember
1957 From then on, SIAM plaved an active role, through mectings as well as poumnals,
in [ostenng matnx computations. ([ follow the lead of Gene Golub and Charhe van |oan
in prefemng the descnplive name “matnx computabions”™ o the grander “numencal gﬂgh:emmﬂfﬂﬁiﬂ ﬁgﬂﬁlm
lincar algebra,” simply because hincar algebra (the invanants under cquivalence, Beresford Parett poimted out st SIAM's
m:g;_‘un:ncc. and ﬁlmllanl_'g.'_} i= a subsel of matrix theory, and not the wlllul.c sLOrY.) mmw ﬂbéfgﬂ;ﬁmw
cw comments aboul imporiant carly work that predates 1957 and 15 independent Wﬂmmﬂ from an early
of SIAM are in order. IL1s stnking how long it took (or the true worth of some aleonthms  conference on the gw
i3 be appreciated. This must be due wo the dilliculues in assessing the role of hne-
precision anthmetic. Alier all, the proneers were all siceped 1n classical mathematics and had o discover for themselves what
methods worked. In computabional MNud dynamics 1115 routine practice o 1gnore roundoll error, on the assumpton that 1t will be
ncghgible in companson with vanous approximation crmors. In some matnx algonthms, roundoll cror s the only crror; many of
these errors can be 1gnored, while others may be devastating. In the 19505 and 196(0s, the experts were ellectively all learming the
subject wgether, particularly at meetings. I you permit only ¢ digits for any “number,” you are bound o have uncertainty in any
noninvial calculation.

The Direct Solution of Ax= b

[Dunng World War Il a computer was a human being, usually [emale; several of them would work topether (a loretasie of parallel
processing?) o solve systems of dilference equations denved from dilferental equabions.

In 1943 Harold Hotelling published an analysis showing that the ermor in an approximate inverse computed via tnangular
factorization might grow like 4*', where n is the order of the matnix. Alan Turing was making similar analyses informally in
England. Not a promising omen [or the [wure of direct methods that lactor matnees.

By 1946 the ENIAC was up and runnming in Phuladelphia. In England durnng the same penod, Jim Wailkinson was assisting Tunng
in the development of a prototype for the ACE (Automatic Computing Engine) al the National Physical Laboratory. Leshe Fox
recalled spending two weeks in 1946 wath Goodwan, Tunng, and Wilkinson, using desk caleulators (o solve an 18 x 18 hinear
syslem Ax = b. Thas chore was a blessing in disgmse lor Wilkimson.

In the Umited States, antcipating the advent of rapid, non-human computing machines, John von Neumann had already twrmed
his attention Lo both the cigenvalue problem and the solution of Ax = &by direct methods as part of s larger campaign Lo harness
these computers [or Tnd dynamics computatons. In 1946, von Neumann, F. Murray, and H H. Goldsune produced a paperin which
they rediscovered Jacobi’s method (1846) [or reducing a real symmetne matnx o diagonal form by repeatedly anmhilating the
largest ofl-diagonal par of entnes. One year later Goldstune and von Neumann published a 78-page paper, "Numencal Inverting
of Matnces of High Order” (Bulletin of the Amenican Mathematical Soctety), thal corrected 1o some extent Hotelhng's gloomy
analy=is of chmination.

In the view of somc scholars, the appearance of this landmark paper marks the birth of modemn numencal analysis. Here we [ind
expheit use of matnx norms W measure ermor and the introduction of the condiion number of an iInverible matnx. Some mce use
of “hackward” error analysis occurs 1n the paper, but it 1s incidental. There 15 a subtle dilhculty here. The success of Wilkinson's




approach (descnbed below) does nol apply lomverses computed from a [actonzation A = LU, althoughl does apply o the solution
ol Ax = b computed [rom that same lactonzation. Il only the paper had [ocused on the computed solution of Ax = b rather than
on the computed inverse of A! The authors did show that the dreaded element growth cannot occur in the Cholesky [aclonzation
of a symmeinc positive-delimic matnx A. This prompled them o recommend the use of Cholesky on the normal equations
AAx = A'F when m exceeds 15, This was bad, although sensible,
advice. Recall that it 1s unhkely that either ol these lormadable math-

How could Fomeonc as brilliant as ) ematicians had ever solved a general 5 x5 sysiem of linear equations
von Neumann think hard about a subject himsell.

as mundane as triangular factonization of Jim Wilkinson's 1946 chore at NPL. with the desk calculator, along
an invertible matrix and not perceive that,  with examples computed on the ACE, and then (rom 1951 onward on
with suitable pivoting, the results are 1= successor DEUCE, convinced him that Gauossian climination with
impressively good? pivoling was an excellent algonthm even on unsymmetne matnces. He

gradually came o recognize the zahent 1ssues, although the [irstedinon
of NPL.'s Modern Computing Methods (1957) contains no hint of
backward analvsis. That should give us [ood [or thoughi

The paper that established Wilkinson’s reputation and commected the misjudgments of Holellhing, Tuning, and von Neumann did
nol appear until 1961, in the Jowrnal of the ACM, under the utle "Ermor Analysis of Direct Methods of Matnx Inversion.” That lale
datc puts the paper beyond the scope ol this cssay.

{Brelly, Wilkinson proved that il element growth 1s modest when A 1s [actored into LU, then the computed soluton z o dx = B
exaclly solves asystem very close o Ax = b This result was a dramatic tnumph [or a backward error analysis, and Wilkinson went
on o exploil thal approach with greal success [or the rest of his career.

One of the vital contnbutions of the 19% 1 paper was 10 make crror analysis comprehensible, whereas carlier ellors made such
work seem both diflicult and bonng. Wilkinson's analyses used the lamilar context of exact anthmetic o exhibil exacl relations
among the computed quantities: in this way he avorded the hormble pscudo-operations that some carhier scholars el obhiged o
introduce.)

Krylov Subspace Methods

In Russiain 193], Krylov used the relation between the vectors b, Ak, AR, . . . 1o compute the coellicients of A’s characienistic
polynomial. We do not do that woday, but his name now connotes any method that uses the space spanncd by vectors gencrated by
the power method wath some imbal vector b.

| am gratelul to Augustin Dubrulle for alering me o the 194 ] disserabon of Karl Hessenberg on the unsymmetne cgenvaloe
problem; L, he introduced a sequential way o buld up an almoest tnangular matnx that s similar o a grven [ull matnx. " Almos™
here means that the next-o-diaponal entnes will nol, 1 general, be sero. Today, we call tas type of matnx the Hessenberg [orm and
reler o the procedure as a Krylov subspace method. Hessenberg was (German and worked as an engincer durmg World War 11

(hher sermnal 1deas and algonthms appeared 1o the carly 19505, Their ulumate value was not appreciated miually. As with
Craussian chmination, the effect of roundolT ermor 15 subtle, and comprehension comes only alter vaned expenence and [anlures. Itis
the twists and tums 10 judgment over the years that revieal thes arca as a challenging one 1in whach o work.

In 1950 Cornclius Lanceos published the alsonthm that bears his name. For a symmetne matnx A the procedure builds up an
orthogonal matnx V that reduces A o tndiagonal lorm T = VAV 1in a modest number of steps. The compact [orm of T can be
cxploied mn the calculation of 1ts cigenvalues and eigenvectors, which are casily related w those of T Lancros also descnbed an
exiension of the algonthm o unsymmetne matnces and reported that the sigmibicant effects of roundolT ermror could be mingated
i some extent by a process called (ull reorthogonalizaton.

Al aboul the same ime, Magnus Hestenes in Los Angeles and Eduvard Stuelel at ETH, Zunch, were developing the conjugate
gradicnt algonthm lor solving symmetne posiive-delmite matnees. This nval o the Cholesky (actonration had the attraction of
ned modilying the given matnx A. These three men (1., H, and 8) metin 1951 at the Institute for Numencal Analysis in Los Angeles,
al a small mecting organized by (Yea Taussky. What an encounter that must have been!

It did not take these proncers long Lo see the connections between the conjueate gradient method and the Lancaos algonthm in
exacl anthmetic. The [amous paper on compugate gradienis was nol pubhshed until 1932, the year of SIAM s barth. That meeting
(sometimes called Gathnburg ) saw the birth of what are today called Kryvlov subspace methods. The story of the ups and downs
of these methods 15 oo long [or this short essay. Very bnelly: They Nopped as direct methods and were brought back 1o hile as
ellfective neratve procedures only when coupled with some form of preconditioning.

Other Early Landmarks

A survey of the topic ol lerative methods [or solving Ax = b cannol [zl to mention that e 1950 David Young was just imishing
hus dissertation al Harvard under Garrett Birkholl. Young gave a ngorous general analysis ol the convergence of a much used class
of methods that change one unknown al a bme and do not alier the matnx at all. In fact, the matnx may be only imphcit in a sct
of dilference equations denved rom some elhpiic dilferential equation. Unhike direct methods, these relaxation methods work only
on special equations. For SOR (successive over-relaxation), Young characterieed the optimal relaxation parameter for cerlain
relevanl matnx classes. The published account did not appear until 1954

It was in 1954 that Wallace (Cnvens produced the irst proven "hackward” stable solution 1o the symmetne cigenvalue problem.
Stcp | reduces the given matnx A 1o indiagonal form T, using a sequence of “plane rotations.” A plane rotation changes only two
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rows and columns in the matnx while the cigenvalues remamn unchanged. Siep 2 computes the eigenvalues of T by evaluating the
sequence of leading principal minors of T — xf [or vanous values of the shilt x. The sequence tells us the number of cigenvalues
grcaler than x. The shalis are chosen by the bisechion techmgue apphied 1o any interval that contains one or more cigenvalucs.

{nvens performed an exphont backward emror analysis, n hixed-pomt anthmetic, of these two phases. He exhibited a matnx close
o the given matnx A [or which the computed cagenvaloes are the exact cigenvalues. In other words, his method computes the
cigenvalues ol A + E, bul the backward error E 15 very small. For symmietnic matnices the ermor in a computed cigenvalue cannot
exceed the norm of E. Finally, Givens’s siep 3 computes eigenvectons by inverse lerabon, using the compuled cigenvalue as the
shalt for T thas 1s the only unsatis(actory part of the procedure. The technical report was never published. Nevertheless, this new
method echipsed the Lancros algomthm unul the latter was seen in a new hight as a way o compute a small number of cigenpaims
of & large sparse symmetnc malrx.

On another [ront, 1954 zaw IBM s introduction of the programming language Fortran 1. This exciting development ushered in
the new arca of mathematical soltware and the possibihity of shanng programs among dilTerent compulers and thus avoading much
duplication of effort. The much better languape ALGON., developed in about 1957 1in Switzerand, lound hittde suppont outside
acaderma. Perhaps academics were oo much in control to be elfective in the marketplace?

Incwitably, the impact of mathematical soltware was strong 1in many arcas of apphed mathematics, and especially so 1n matnix
computations. The experts, led by Wilkinson and Reansch, collaborated 1o produce and maintain hbranes of programs that encode
the best availlable methods; this activily continues o this day. To everyone’s surpnise, it wumed out to be really diflfhcult o test and
properly document codes that would work well, not just comectly, on all the important computer architectures. That 15 a long story.
Through a journal and przes, such as the oncollered by Gordon Bell and the Wilkinson Prize for Mumencal Soltware (sce “Hooked
o Meshing, Researcher Creales Award-Winming Tnangulation Program™ [or details on the 2003 Wilkinson Prize recipient), some
ellfort has been made o recognize excellence in mathematical soltware. Untl the 1990s there was no academic reward [or [ine work
in this hicld

Depth versus Subtlety

How could someone as bnlhant as von Neumann think hard abowt a subject as mundane as tnangular [actonzation of an inveruble
mainx and nol percerve that, with suntable prvoting, the resulis are impressively good? Partial answers can be suggested—lack of
hands-on cxpenence, concentration on the inverse rather than on the solution of Axr = F—but | do not [ind them adequate. Why
did Wilkinson keep the QR algonthm as a backup o a Laguerre-based method [or the unsymmetne cigenproblem lor at least two
yiars aller the appearance of QR ? Why did more than 20 years pass before the properties of the Lanczos algonthm were understood?
I beheve that the explanation must invelve the impediments o comprehension of the eflects of mie-precision anthmebc.

My suggestion 15 that the dilliculises 1n matnx computations may nol be deep bul they are subile_ el mie 1l lustrate my use of these
two adjectives:

The lact that, [or a smooth [uncton £, hm{h — D|fix + h) - fix)h = fix) s deep, but the [act that, [or small cnough b, the
compuicd divided dilference |[fix + k) — fx)l'h vamshes 15 subtle.

The [undamental theorem of algchra 15 deep, bul the “resion of conlusion™ (all values x such that the ermor in evaluating
polynomial p al x exceeds |plx)l) that surrounds cach zero of p s a subtle concepl.

The imphications of the lailure of the assocabive law [or addition 1 the compuier are pervasive and subile. The lallure of that
law [or muluphcaton 1z less senous, excepl [or the occurrence of unnecessary over/under{lows.

| .cst some readers regard my suggestion of subtlety versus depth as damning the held of matnx computations with [mnl prase,
| conclude by caung two great thinkers who held subtlety in high regard.

Albert Fanstemn (1879-1935): "Subtle 1s the Lord, but not mahcious.”

Francis Bacon (1561-1626): "Histones make men wise; poets wilty; the mathematics subtile; natural phalosophy deep; moral
arave; logic and rhetone able o contend.”

Beresford Parlett 15 a professor emeriius of mathemabics at the Unnversity of California, Berkeley.



