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Chapter 1:37::&15:| .

Learn about exponential growth

Ass ignmen't'ﬁ :

Assignment 10

Review the properties of exponential and logarithmic functions.
Learn how to differentiate exponential and logarithmic functions.

or decay phenomena.

Assignment 11

Quick review

Efxpnnentia] notation:

a"=a-a- ...

If a is any real number and n is a positive integer, then the n-th power of a is

+ @
—

e

i times
The number a is called the base whereas n is called the exponent.

The first and second laws of exponents below allow us to define a™ for any integer n.

Now, we want to define, for instance, a'/® in a way that

Definition of rational e:n:pnnﬁmts:]

is consistent with the laws of exponents. We would like:
3
(-:1”3) = gll/38 _ gl — 4. thus al® = ¥a
So, by the definition of nth root, we have:

[ﬂun = Va

For any rational exponent m/n in lowest terms,
where m and n are integers and n > 0, we define

a™™ = (@¥/™™ = (@)™  or equivalently
.-1"‘!"'" = [ﬂm}ll.-’ﬂ ke W

If n is even we require that a > 0.

In the table below the bases a and b are real numbers (# 0 if needed) and the exponents r and y are rational

numbers.

L. ==

Laws of Expunentf_:l 3. a*gV = g=+v

1. a® =1 P I A L
1 o
2. a™F = pr- 5. (a®)V = a™¥

SRR

L

Now, let a > 0 be a positive number with a # 1. Thus
far a* is defined for = a rational number. So, what does,
for instance, 5¥2 mean? When z is irrational, we succes-
sively approximate z by rational numbers. For instance,
as

V2 = 1.41421...
we successively approximate 5¥2 with I
514 5l4l  glald 514142 £1.41421

L] 1

P | (e

In practice, we simply use our calculator and find out

5v2 =~ 0.73851. ..

>

Let a > 0 be a positive number with a # 1. The
exponential function with base a is defined by

f(z) = a*

for all real numbers =.

.E:Irpunential functions:

e

| Graphs of exponential functions: |

The exponential function

f(z) = a® (a >0, as#l)
has domain R and range (0, c0). The graph of f(z) |
has one of these shapes:

¥t v




The most important base is the number denoted
by the letter €. The number ¢ is defined as

1 e
e = lim (1+ —)
=i T 1"1-

Correct to five decimal places (note that £ is an
irrational number), e = 2.71828.

{| The natural exponential fuucﬁhmi

 The natural exponential funection is the |
(exponential function I
fla) = e*
| with base e. It is often referred to as fhe l
exponential function. |

5 m s —
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» | Logarithmic functions:

i = e¥ lies between the graphs
— o — e
of y = 2° and y = 3*. " (l+l) !
n

1 2.00000

a 2.48832

10 ] 2.59374

100 | 2.70481

1,000 | 2.71692

10,000 | 2.71815

100,000 | 2.71827

| 1,000,000 { 2.71828

since 2 < e < 3, the graph of

Every exponential function fir} — a*, with a > 0 and a +£ 1, is a one-to-one

function by the horizonial line tesf. Thus, it has an inverse function. The inverse function f~!{z) is called the
logarithmie function with base a and is denoted by log, x.

i_]_:'._laiin_,i.i:.iﬂ-m . I_.;t @ I::E.e.;. positive uu[uhler with
a # 1. The logarithmic [unction with base a,
denoted by log,. is defined by

y=Ilog,r <+ a¥—=ur

In other words, log, T is the exponent to which the base
a must be ralsed to give r.

Properties of logarithms:

1. log. 1=10 3.
2. log,a=1 4.

Since logarithms are ‘exponents’, the laws of exponents give rise to the laws of logarithms:

[Let a be a E]Llﬁ-ltd-l-‘l;i'.ﬂ-Ill_‘tII.l:b_l;[, witil-; £ 1. LEL A, .E'__
and ¢’ be any real numbers with 4 > 0 and B > (.

| Laws of logarithms:

1. log, (AB) =log, A + log, B;

2. log, (%) = log_ A — log_ B;

3. log,(AY) = C log, A.

Remark:| If a one-to-one function f has domain A
and range B, then its inverse function f~! has domain
B and range A. THUS, the function y = log, r is
defined for > 0 and has range equal to E. More
precisely:

Graphs of logarithmic fu:m:tinnﬂﬂ

The graph of f~!(z) = log, r is obtained by reflecting
the graph of f(x) = a* in the line y = =.
(The picture below shows a typical case with ¢ > 1.)

Change of baser

' For some purposes, we find it useful to change from

logarithms in one hase to logarithms in another
base. Omne can prove that:

The point (1,0) is on the graph of y = log_ r {as log, 1 = 0] and the y-axis is a vertical asvmptote.
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i_Cu-mmnn logarithms:

The logarithm with base 10 is called the common logarithm and is denoted by omitting the base:

log = 1= logy, =.

|Natura1 lugﬁrithms_:] Of all possible bases a for logarithms, it turns out that the most convenient choice
for the purposes of Calculus is the number e.

Deﬂnftiﬂn: The logarithm with base £ is called the natural
logarithm and is denoted by In:

Properties of natural logarithms:

Inx :=log, x. "
e 1. lnl=0 3. lnef=z
| We recall again that, by the definition of inverse functions, we 2. Ine—1 4. elnr— g
4 have
y=Inx — e =5,
]:_)Erim.tives
a* -1
Fact:| By flling the table below we can convince ourselves that j];i.u_a = 1.
h —0.1 —0.01 —0.001 —0.0001 —0.00001 0.00001 0.0001 0.001 0.01 0.1
-5 LA LA S L L \ =
1) & ¢ ¥ E & § & & 3
T B o= o5 g o § g -
= = S - S : = — - =
= Ty —
Now, let f(z) = &*. Using the definition of the derivative and the rules for exponential functions, we have that
d ;o flx+hy— flzy e"’*‘“—e‘_ efeh —er 1Y
e N Y A Y A
Theorem: L (e*) = &* Qr (e} ="
.i'_l:‘ll' - . M

Moreover, it follows by I':l.I'Ip]j- mg the chain rule I:llu.r.

@ _ o) 9
d.-z:[f"g Lol

[EEIJ} Or {Eﬂfz]}-f . Eg{::':l 5”{.'1-'}

We can use the derivative of e® and the relationship between the exponential and the natural logarithmic

functions to find the derivative of the function Inx. Namely, take the derivative with respect to x of both
sides of ™% = . We obtain

d d | i 1
— () = — e = —,
o [ ) o (x) or €% —(lnx) =1 or o —ilnzx) -

p— —

i 1 I
Th : —(lnz) = - ) = —_
eorem dﬂ:( n ) - ar (lnax) p

Moreover, it follows by applying the chain rule that

d _ 1 d ,_ @
G o) = o @) o (n g(c) _Q[I}..-l
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