PHY 2061 Enriched Physics 2 Lecture Notes Maxwell s Equations

Maxwell’s Equations and EM Waves

Dhsclaimer:  These lecture notes are not meant to replace the course textbook. The
content mav be incomplete. Some topics may be unclear. These notes are only meant to

be a study aid and a supplement to vour own notes. Please report any inaccuracies to the
professor.

Maxwell’s Equations

Let s summarize all the electromagnetic equations we have learned so far, both integral
and differential forms:

1. Gauss’ Law for electric field:

tI‘-*fzcj:EE-.:iﬁz% or v.E:EE
H 1]

2. Gauss’ Law for magnetic field:

D, = #SE -dA =10 or V-B=0 (no magnetic monopole charges)

3. Faradav's Law of Induction:

gﬁEE-dF—E—iLB.dA or VxE=-D

cit

4. Ampere’s Law and Maxwell s Law of Induction:

-

$ B-ds = ;ﬁt,.ﬁ'[,; | E-dA+ i, or VxB=ug, “'i—E+ 14
" I--._'“
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Derivation of Electromagnetic Wave Equation

Now let’s see how we can combine the differential forms of Maxwell s equations to
dernive a set of differential equations (wave equations) for the electric and magnetic fields.
Let's assume we solve these equations in a region without any electric charges present
(p=0) or anv currents (1=0).

Start with Maxwell s Law:

V=B =g, %

Now take the curl of this equation:
Vx(VxB)= s, %{‘? xE)
&

MNow it can be shown as a proof 1n vector calculus that:
Vx(VxB)=V(V-B)-V'B

where V-B =0 by Gauss™ Law for magnetic fields. And since Faraday’'s Law tells us:

cB
? > E - - .
Cr
then we get:
: &'B
VB = Mo &y —
ot

which 1s a second order differential equation for each of the 3 components of the
magnetic field. (It 15 a wave equation it turns out).

Now we can follow a similar dertvation for the electric field starting with Faraday's Law:

?}{E :—@
ct
Now take the curl of this equation:
7
Vx(VxE)=——(VxB
s e

Now using the same vector calculus proof:
Vx(VxE)=V(V.E)-V'E

where V-E =0 by Gauss™ Law for electric fields 1n vacuum. And since Maxwell s Law
tells us:

cE
VB= £ —
Hy &y 3
then we get:
&'E

i
VE =&, —
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Interestingly this 1s the exact same differential wave equation as for magnetic fields!

Solution to Wave Equation

The general form of the wave equation 1s:

I ;)

E
&t &' &' Vvar
where we have expanded the Laplacian ( V') operator and defined

1

A&y

Solutions to this partial differential equation have the general form:

"-

V= —c=3x10° m's.

F(x.t)=F, sin(k-x—at—¢)
But let's use complex notation to see how the solution works:
F(x.t)=F, E}Epl:.f“{ x—wt) |

where we just take the imaginarv or real part to get the physical solution.

Plugging into the wave equation yvields:

P (k2 4k +E)F(x0) =2 (~iw) F(x.0)

oy
=

Thus, the solution to the wave equation that 15 a consequence of Maxwell s equations in
vacuum 15 a sinusoidally varying function for both the electric and magnetic fields. Itis a

traveling wave solution, which becomes more apparent if we write the solution 1n thas
form:

E{sz}:EmExp[ﬂ-;-l[x—v.f}:l (or Emﬂi_ﬂ[l{-[x—".ﬂ:l )
E(Ezf']zﬂmE:-:pl:;flc-{x—w']:l (or E_ﬁsiﬂ[k-{x—'&'t}l] )

Here:
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