MATH 2300 - Calculus ITI
September 26, 2008
Exam 1

MName:

1. (2 points) Find the maximom and minimum values achieved by sin(z) and cos(z).

Let f(x) — sin(z), g(x) — cosfx). We wish to find = such that f'(x) — 0. This i cos(x) — 0 implying = — §
or T—f H&IL{%] =1 = = !-i.ill'[:t—f-- Similarly cos(ll) — 1 — — oos().

2. (6 points) Show that for any two vectors a and b, a- b < |a||bl. (This is a very important inequality in
mathematics and should require minimal calenlations).

By the formula, a - b — |a]|b] cos o but by above, cose < 1, thus a - b — |al|b]

3. (R points) Show that for any two vectors (in R'Tt:l1 aand b, (a- b]i + |a = I-_||3 —(a-a)(b-b)
Using the peometric formmlae, we have (- 5)? — |al?|b|? cos? , and |a = B2 — |a]?|b|? sin® v. Their sum is

equal to |af?|b? cos? o + |a|b? sin® e — |a|?|b?(cos® o + sin® o) — |a?|b]2.

4. (B points) If the vector a is —, and the vector b is T, and a and b are both contained in this piece of paper,
is b % a pointing into the page (away from you) or out of the page (towards you)? Please state why.
By the right hand rle, b % a will point into the page (i.e. curl your fght hand from b into a. This is a
clockwise twist and your thumb points into the page.)

5. For this problem you have a particle that has an acceleration function at) — {28 sin i, cos ).

(a) (8 points) Find the velocity and position vectors of a particle that has initial velocity, v(0) — (1, —1,0},
and initial position of0) — {0, 1, 0.
v(t) — [alt)4e— {2, — cost, sint) 4 e Substituting ¢ — 0 into this equation, we get #(0) — (1, -1,0) —
{0, 1,00 4+ . Thus e — {1,0,0}, and v(t) — {2 + 1, — cost,sinf).
r(t) = ful(t) 4 e = {!:ﬁl.l"ﬂi + t, —sint, — cosd) 4 . Substituting £ — 0 into this equation we get o(0) —
{0,1,0) — {0,0,-1} + e. Thus ¢ — (0,1,1), and rt) — (/3 4 ¢, —sint + £t 4+ 1, —cost 4+ 1).

(b) (B points) Use your results for rft) to find the equations of the unit tangent vector T(t), unit normal
vector N(E), and binormal vector B(t).

r'{t) ut) {14+ 1,— cost sin t) {12+ 1,— cos L xin ¢) (L4 1,— oo & sin t) —post  =Eind
T = Pl it WL et Lsing)] R 1) — cost )i (sing2 (1) = {1, =5nt +1 * B4l

MN(t) —
(e) (8 points) Find the equation of the plane (that changes with time) containing N(f) and T(¢).

6. For this problem we will work with a plane given by = — 3y 4 2z — B

(a) (6 points) Find the point at which the line o) — {2 — £, 2 4 £, 5t} intersects the plane.
Substitute rt) into the planar equation: 2 — & — (24 £) 4 2(5¢) — B and solve for £ — 1, plug & — 1 into
r(t) to get r{1) — (1,3,5)

(b) (8 points) Find the distance between the point pp — {1, 1,0} and the plane.
The distance is grven by the length of the projection of the vector from a point on the plane to py onto

the normal vector. The normal vector n — {1, —1,2) which comes directly from the plane equation. We
choose an easy point on the plane: pg — (-1, 1,5}, find the vector from pg topi: v — g1 —po — (0,0, -5).

Finally, the length of the projection is o v/f|o] — (0404 —5+2)/v1 4 14+ 22 _ 10//6.



{e) (8 points) Find the angle between the above plane and the one given by = 4+ 3 4+ z — 1. You may leave

your answer in terms of arceos or arcsin. The normal derivatives are iy — (1, -1, 2} and ng — (1,1, 1},
L

and the angle i given by coso — — 1-14 Ej]u"ﬁ'l.ﬁ — ?ﬂl_ﬂ

7. For this problem let r{f) — (2sint, 2eost, 2 4 28).

(a) (7 points) Find the curvature £(t) as a function of £ of the space curve given by r(t).

w(t) g - T() — e~

(b) {7 points) Find the arc length of rft) for 0 < & < 7. arclength— H | (&)

8. For this problem, f{r y) — 1,‘.-"25 — g2 — 2

(a) (2 points) Sketch the domain of f(r,y). D — [y ¢ B? : 25 — ¢® — £ = 0} this simplifies to
D={zyc RZ-25 =42 4 :r:!}_ Ths = the set of all x, ¢ inside the circle of radios 5.

(b) (2 points) What is the range of f{z,y). The range of flz,y) is found by determining the maximmm
and minimum values f(r, ) can attain: max f — 3 and min f — 0.

{e) (4 points) What is fz(x,y). Taking the partial derivative with respect to x, we set all other variables
. 2 RSP R ) , ; —2x
equal to a constant and differentiate as usual: g(x) — fz, ) — ¢'(z) — folz,v) — T

(d) (B points) Sketch the level curves st fz,y) — kfor k — 0,1,2, 3. Solving the equation -.I,.I"!il —yf—xd = k
wet can square both sides to get 9 — - EBFory® 4+ 22— 9K This is simply a general equation
of a circle of radins 9 — B2, or concentric circles of radii 5.3.0.



