MATH 2300 - Calculus ITI

October 24, 2008
Exam 2

MName:

. The pressure P (in kilopascals), volume V' (in liters), and temperature 7" (in kelvins) of % moles of an
wleal pas are related by the equation PV — 2T, Find the rate at which the pressure 15 changimg when the

temperature is 100 K and increasing at a rate of 0.5 K/s and the volume is 100 L and increasing at a rate
of 0.2 L.

Solution: Diferentiate with respect to £ using the chain role: #-HT—P'.-’ | %F 28T wnlve for iﬂ:

% {% H—H'f!"}, amd then note that P 2TV, so ar % {% E%} Plugming in the valoes from

_ P
the problem gives
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2. Find o' (z) if 2" + ¢ — 6zy.
Solution: Differentiate implicitly with respect to = 3z 4 3?_{3% By 4 E:F:E and solve for :—_E to pet

dy  3=* — fy
dr 6 — 32

3. Find the directions in which the directional derivative of f(z, y) — g™ at the point (0,1) has the valoe 1

Solution: Let uw — (uj,ug) be the direction, and then we have to solve VA(0,1) -2 — 1 and w-u — 1 (u
i a unit vector) for uy and uy. Vf{z, y) { e TV oIV _ pyp . Plugging in (z,y) — (0,1) we get
VF(0,1) — {(—1,1}. We then need to solve —u) 4ug — 1 and wd 4ud — 1w — 14w andsoud — 14 2u) 4 uf
50 2uf + 2u; — 0 and thus u; — 0 or u, 1. Thus the directions are (0,1} or {—1,0).

4. A package in the shape of a rectangular box can be matled by the UUSPS of the sum of its length and girth
(the perimeter of a cros-section perpendicular to the length) is at most 120 inches. Find the dimensions of
the packapge with the larpest volume that can be mailed.

Solution: The function to maximize is f(l,w, k) — lwh and the constraint is g(l,w, k) — 1 4+ 2w + 2k — 120,

The method of Lagrange says that we solve VF — AVg or {wh, Ik, lw) (A, 24, 2A). Thus we have four
equations and four unknowns, dw — fw mves o — [ and then dw %ﬂ'.[ prves 2w — [ Thus 2w 4 2w 4+ 2w

G — 120 and w — 20. So the maximum is achieved at ([, w, d) — (40, 20, 20).

5. Find the volume of the solid enclosed by the cylinders z — 2, 4 — 72 and the planes z — 0 and 5 — 4. (You
may use double or triple integration ).

Solution: z — 2 is the surface above the Ty plane so we integrate f L:, r2dA where I7 is the resion defined
in the =y plane. This is a parabola bounded by y — 4 and v — 2. Since © — 0 gives y — 0, we integrate
from y — 2 to y — 4. Finally, we integrate in = from = 2tor — 2sincey — 2 — 4 is the upper bound.
S0 the mtegral s
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6. Show that



where T 15 the tnangle enclosed by the nes y — 0, y — 2x and © — 1.
Solution: 0 < sin*(x 4+ y) = 1 for all © and y. Thus

0A(T) < f jfr sin'(x + y)dA < 1A(T).

S0 we caleulate the area of T this is simply a triangle of base 1 and height 2. {or integrate y — 2z from
r —0Dtox — 1, andd the area i 1. Therefore

0 Efj:r-in“‘{ny}dﬂ <1

i. Bet up the following integral in polar coordinates but do not evaluate it:

fn“ .;:“ﬂ o'y dody.

Solution: The region of integration s the segment of the disk of radns o from ':'il."E to {Iuhht-r that the
limits of integration go from g — 0 to y — a. Therefore the change of coordinates to polar gives

i
jr’ frz-t:tmﬂﬂrﬁinﬂrdnﬂ_f' f r eos® 0 sin Odrdl
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8. Suppase X and ¥ oare random variables with joint density funetion

0.1 0502y} jfp >0, y =0

flz,u) —{ .

O herwise

(a) Verify that [ is indeed a joint density function.
(b) Find the probability P{X < 2,Y < 5). You may leave your answer in terms of exponents (e, o — ).
(¢) Find the expected value of X (hint: remember integration by perts!).

Solution: For convenience we rewrite f as flz,y) — .le %Fe %, f is a JDF ifffmﬁtﬂf{x, y)dzdy — 1.

f j fix, y) drdy — ,‘ ,l' Ao B MWdpdy = 1—e [P —e ¥ = 1(D-1)(D-1) =1
— ook of — i 1] il —-dl Bl

By definition P(X < 2,¥ <5) — [ [7 1e 5 dyds but this is

1 1
-1_—_5-r:_"rﬂ|ﬁ_—_2-r:_j"'|ir{ = e = 1)*

Finally, E(x) — [J7 7 flr,w)zdrdy. Since it's easy to integrate in y first, we do so, getting E(z) —
=t Jo7 ze - dr by the formula given, this is :i—l{—,ll;-l:—i.r o ) i ol e e



