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1.6 Computing and Existence

The initial value problem

(1) y = [(x,¥), wlzo) = o

is studied here [rom a computlational viewpoinl. Answered are some basic
questions aboul practical and theorelical compulation ol solutions:

¢ What in problem (1) causes numerical methods to fail?

o What hypotheses for (1) make numerical methods ap-
plicable?

# When does (1) have a symbolic solution?

Three Key Examples

The range of unusual behavior of solutions o ' = f(x,4), y(ze) = o
can be illustrated by three examples.

(A) o =3(y—1)*3, The right side f(x,y) is continuous. It
y(0) = 1. has two solutions y = 1+ 2* and y = 1.
2
(B) o = . yl, The right side [(x, y) is discontinuous. It
y(0) i T has infinitely many piecewise-defined so-
lutions

(x — 12 x<1,

W 4:.'{.17—1]"j x = 1.
(C) =144, The right side [(x.1y) is differentiable. It
y(0) = 0. has unique solution y = tan(x), which

satisfies y(xg) = oo at time xy = o /2.

Numerical method failure can be cansed by mulliple solulions Lo
problem (1}, e.g., examples (A) and (B}, because a numerical method is
voing Lo compule just one answer; see Example 32, page 63. Multiple
solutions are oflen signaled by discontinuily of either [ or ils partial
derivative f,. In (A), the right side 3(y — ljllz-"r"1 has an inflinile partial at
y = 1, while in (B), the right side 2y/(x — 1) is inflinite at = = 1.

Simple jump discontinuities, or switches, appear in modern applica-
tions of dillerential equations. It is important therefore Lo allow [(x, y)
Lo be discontinuous, in a limited way, bul multiple solutions must be
avoided, e.g., example (B). An important suceess story in electrical engi-
neering is circuil theory with periodic and piecewise-delined inpuis. See
Example 33, page 64.
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Discontinuities of [ or [, in problem (1) should raise questions aboul
Lhe applicability of numerical methods. Exaclly why there is nol a pre-
cise and [oolprool Lest Lo predict [ailure of a numerical method remains

Lo be explained.

Theoretical solutions exist lor problem (1), il f(x,y) 15 conlinuous;
see Peano’s Ltheorem, page 62, This solution may blow up in a [inite
interval, e.g., y = lan(z) in example (C); see Example 34, page 64.

No closed-form solution formula exists as a resull of the basic theory.
In pari, this dilemma s due Lo Lhe possibilily ol multiple solutions, il [ is
only continuous, e.g., example (A). Additional assumptions ol a general
nalure do nol seem Lo help: there w5 in general no closed-form formula
available for the solulion.

Exacily one theoretical solution exisiz in problem (1), provided
Slz,y) and [y(x,y) are continuous; see the Picard Lindeldl theorem,
page 62. The silualion with numerical methods improves dramatically:
Lhe most popular methods are tractable.

Why Not “Put it on the computer?”

Typically, scienlists and engineers rely upon compuler algebra systems
and numerical laboralories, e.g., maple, mathematica and matlab.

Computerization ol dillerential equations consiantly improves, wilh
the advent of computer algebra systems and ever-improving numerical
methods,  Indeed, neither an advanced degree in mathematics nor a
wizard's hat is required Lo query Lthese systems [or a closed-lorm solution
formula. Many cases are checked systematically in a few seconds.

Fail-sale mechanisms usually do nol exist [or applying modern solt-
ware Lo problem (1). The compuler algebra system maple reporls the
“solution” y = 1 + 2* for the problem ' = 3(y — 1)**, (0) = 1. Bui
Lhe obvious equilibrium solution ¥ = 1 is unreporied. The maple nu-
meric solver silently accepls Lhe same problem and solves [or y = 1. To
experience Lhis, execule in maple V Release 5.1 Lthe code below.

de:=diff(y(x),x)=3*(y({x)-1)"(2/3): ic:=y(0)=1:
dsolve ({de,ic},y(x)); # Symbolic sol
p:=dsolve({de,ic},y(x) ,numeric); p(1l); # Numerical sol

There was an improvement in the report in laler versions, e.g., version
10. In these versions, y(x) = 1 was reported lor both. The inference
for Lthe maple user is thal there is a unigque solution, but the model has
multiple solutions, making both reporis incorrect.

Numerical instability is typically nol reported by computer sollware.
To understand the dillicully, consider the dillerential equation

y =y—27", y(0)=1.
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The symbolic solution is y = e™*. Allempls Lo solve Lhe equalion numer-
ically will inevitably compute the nearby solutions y = ee™+e™F, where ¢
is small. As x grows, the numerical solution grows like €, and |y| — oo.
For example, maple computes y(30) /=2 —72557, but ¢ = 0.94 x 1071,
In reality, the solution ¥ = ™" cannol be compuled. The maple code:

de:=diff (y(x) ,x)=y(x)-2*%exp(—x): ic:=y(0)=1:
p:=d3ﬂ1ve{{de,ic},y{x},numeric}: p(30);

Mathematical model formulation, prior Lo using a compuler, seems
Lo be an essential skill which does not come in the coloriully decorated
package [rom the sollware vendor. It is Lthis crealive skill thal separates
Lhe praclicing scientist [rom the person on the sireel who has enough
money Lo buy a compuler program.

Closed-Form Existence-Uniqueness Theory

The closed-form existence-uniqueness theory describes models

(2) y = [(x,y), wlxzo) = o

[or which a closed-lorm solution is known, as an equalion ol some sort.
The objeclive of the theory lor [irsi order dillerential equations is Lo
oblain existence and uniqueness by exhibiting a solution [ormula. The
malhematical literalure which documents these models is oo vast Lo
calalog in a textbook. We discuss only the most popular models.

Dsolve Engine in Maple. This compuler algebra sysiem has an im-
plementation [or some specialized equations within the closed-lorm the-
ory. Below are some ol Lthe equation types examined by maple [or solving
a dillerential equation using classification methods. Nol everything tried
by maple 15 listed, e.g., Lie symmelry methods, which are beyond the
scope ol this text.

Equation Type Differential Equation

Quadrature Yy = F(x)

Linear y' + plx)y = r(x)

Separable y' = f(x)g(y)

Abel ¥ = Jolz) + Niz)y + fa(2)y® + fa(z)y®
Bernoulli iy + p(x)y = r(z)y"

Clairaut y=zy + g(y)

d’Alembert y=x=[(y)+g(y)

Chimi y' = flx)y™ — glx)y + h(x)



