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Problem 4

Lemma 1 (Progress) If AF (s,¢) : t and ¢ is a closed term {no free variables, though it may contain
locations £) then either e is a value or there erist ' and ¢’ such that {s,e) — (5, &').

Proof: by induction on e.

o r: By assumption (e iz a closed term, and so no free variables can exist).

e 11: nisavalue.
e Ar ' t.e: Ar :t.e 18 a value,
e f: Ffis a vahe.

® ] B9

— If £; 15 not a value, then by the IH it evaluates to some -E;., and we can take a step (s,e) €2} —
(s’ e} ez} by C-APP-LEFT.

— If e4 is not a value, then (similarly) by the IH it evaluates to some €, and we can take a step
{3,e1 e2) — (5,67 &4} by C-APP-RIGHT.

— (Otherwise, £; and e3 are values. Assuming A F e g2 i3 well typed, we know by inspection of the
type rules (by T-APP) that AF ey : ¢ — t' and A F ey : £, and that (by T-LaM) Az : te; is
the only value that can take type ¢t — '; g2 can be any value v. As such, we can take a step to
¢ —er—v], 8 — s by S-ApPP.

e 1ef £

— If ¢ i3 not a value, then by the IH it evaluates to some ¢, and we can take a step (s, ref ) —
(3. ref &') by C-REF.

— (therwise, € is a value v. We can select a “fresh™ £ (i.e. £ ¢ dom(s)) to represent the location of
v in state 5 and expand s to include this new £ (with value v), creating . (Given this £ and s,
we can take a step to € — £, 8" — s[f — v] by S-REF.

— If e is not a value, then by the IH it evaluates to some ¢, and we can take a step (s, le) — (3", 1(e’))
by (C-DEREF.

— Otherwise e is a value. Assuming A F {s,!e)} iz well typed, we know by inspection of the type
rules (T-REF) that AF e : ¢ ref, and that (by T-Loc), £ | £ € dom(A) is the only value that can

take type t ref. By compatibility (again stemming from the fact that A b (s, le} is well typed), we
know that dom(A) — dom(s), and so £ € dom(A) — £ € dom(s). Therefore, e — £, § € dom(s),

and 20 we can take a step to € — s(f), 5" — s by S5-IDEREF.



> u— | n|Ar:te|f|ee|refel|le|e:—e
t == int|t—t|¢ ref

v = n|Ar:tel|d
A == D|(Azx:t)|(A¥L:1)

Figure 1: Grammar definition for A-calenlus with references

(- Arp-Lerr C-Arp-Lacar
S-Are {S?E]} S {slrrell;l} {SFEH} o {EIFE;!}
{3, (Az.e) v} — (5, €[z — v]} (5,81 €2} — (8, €] ea} s, vep} — (8, ve)
S-Rer C-REr
f & dom(s) {s,e} — (5", ")
Goref v} = G o8] (s,7ef €) — (5, 7ef €)
S-Denrer C-DEREF
f & dom(s) {s,e}) — (5", &)
(8, 18) — (s,5(£))  (s,1e) — (", 1))
S-Assin C-Assian-Lerr C-Assiau-Ricar
£ € dom(s) {s,e1) — (&, €]) {s,e2) = (s, ed)
{5, :—v) — (s[f — v],v} (5,81 :— ez} — (&, €] :— e} (5, f:— e} — (5" F:— el)
Figure 2: (Small-step) Operational semantics with stores
T-Vanr T- L T-LaMm T-Aprp
x & dom(A) f & dom(A) T-Inr Azxz:the:t Al e 1t =1t Al eyt
AF z: A(x) Al ¥ AR Al n:int AbFAr:te:t— 1 Al ey eq: t
T-REr T-DeEner T-ASSIGN
Al e:t Al e:tref Al eyt ref Al eyt
Al ref e:t ref AHle:t Al ey :—eq:

Figure 3: Type rules with references



& £ :— €9

— If £1 is not a value, then by the IH it evaluates to some €], and we can take a step (s, e, :— €2) —
{s',e] :— ez} by C-ASSIGN-LEFT.

— If ey iz not a value, then (similarly) by the IH it evaluates to some e, and we can take a step
(3,81 :— eg} — (5", e1 :— &) by C-AsSIGN-RIGHT.

— Otherwise, e; and e are values. Assuming A F (s, e; :— e3) is well typed, by inspection of the
type rules (T-ASSIGN) we know that ey : & ref and es : £. As in the value case for le, the type rules
and compatibility tell us that £ | £ € dom(A) is the only value that can take type t ref, and so
ey — £, f € dom(s); ez can be any value v. Therefore, we can take a step to & — v, ' — s[f — v]
by 5-ASSIGN.

Lemma 2 (Preservation) If A b (s,e) : t and {s,e) — (s, ¢") then there exst A, &', and €' such that
A'F (s, e') : t and A'|gom(ay = A.

Proof: by induction on e — &'

s S-Arp, C-APP-LEFT. C-APP-RIGHT
We assume that € — ey €4 and that A F (s, e) : ¢ is well typed.

— If ey — e}, then by the IH AF {s,e]): ¥ — ¢, and so A" F (s, e] e2) : L.
— Similarly, if e; — e}, then by the TH AF {s, e} : ¢, and s0 A" F {5, ey &) : L.

— (therwise, both ¢; and e; are values. We know by inspection of the type rules (by T-APP) that
Al et - tand AF ez : t', and that (by T-LAaM) Azx : #'.e is the only value that can take
type ' — #; as such, e; must be of the form Ar : +.e;. €2 can be any value v : £. We have
A,z :t'F (s,e;): t and AF (s, v), and by lemma 3 (substitution), we have A& (s, e [z — o]} : L.
Thus, preservation holds for this case.

s S5-REF, C-REF

— lfe—e and AF (s, ref €) : t, then by the IH A" F (", ref &) : £.

— (Otherwise, € is a value v. By inspection of the type rules (T-REF), we know that A F ref e : ¢ ref.
Selecting a “fresh” £ (i.e. £ ¢ dom(s)), we wish to provide A', §', and ¢ that satisfy A" F (3", e") 1 ¢
and A’ |gemiay— A. Using S-REF, we (carefully) choose A" — (A, € : t ref), 3" — s[f — v], and
e — £. By lemmas 4 and 5, we have A" ~ 5" and A" |gomiay— A; for A" F {s",€") : t, we need
now only prove that A" F ¢ : t. However, this follows directly from our selection of A" and "

A trefF £t ref. Thus, A"F (s, ') : t satisties configuration typing and so is well typed, and
preservation holds for this case.

e S-DEREF., C-DEREF

— Ilfe—¢" and AF {s,le)} : ¢, then by the IH A’ F {3, ("))} : L.

— Otherwise, ¢ is a value. By inspection of the type rules (T-DEREF), we know that because
AHe:t, Ab et ref. Also by the typing rules (T-Loc), the only value that can assume such
atype is £ | £ € dom(A). By configuration typing, £ € dom(A) —+ ¥ € dom(s) and A s(€) : ¢
Therefrore, we use S-DEREF to choose A" — A, 5 — s, and ¢’ — (), and preservation holds for
this case.

e S-AssiaN, C-AssiGN-LEFT, (C-AsSsSIGN-RIGHT
We assume that € — gy :— €.

— If &y — e}, then by the IH AF (s,e]) : £ ref, and so A"F {s', ] 1= e2) 1 L.
— Similarly, if ez — &, then by the IH Al (s} : &, and s0 A" F (s, e; :— &) : L.
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