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6. Linear Algebra |

l. Vector and Matrix HBasics

A. Matrix (n x p) as set of n row vectora in p-apace and p column vectors in n-space.
1. By convention, let's focus on column verctors.
& T'hen the vector space R™ consista of all column vectors with n elements.

Example
1 j
X=]111
1 2 3
f={1}m=]1]5=1]1
2 1 2

# T'he rows can be thought of as the columns of the transpose of the matrix, X7, where =f; = 75
2. Operations on vertors that result in wectors still in the vector space:
a. Addition of any two (or more) vectors
o = F + i where a; = x;: + 15
slmplementing in K: a<-x+y
h. Multiplication of vectors by scalars
& = T where a; = r;
s lmplomenting in B: a<-cex
4. subapace of vector space dehined by two conditions:
a. If ¥ and § are two vectors in the sulspace, then ¥ 4 4 ia in the subspace.
and
b. If £ is in the subspace and ¢ is a scalar, then «F is in the subapace.
4. Clearly (3a) and (3b) imply that any linear combination of vectors in & subapace results in a vector
that 8 in that subspace.
. Example of subspace: x-y plane within x-y-z apace.
E. Lincar Dependence and Independencs
1. Take a aet of & vectors £1, ..., T and a set of k& scalars oy, .., Ck.
2. If the only way to pet the sum e &) + ... + o T = 0 i3 to set all the scalars ¢y =03 = ... =, =), then
the vectora are linearly independent.
3. In other words, if one or more of the vectors can be formed a8 a (nontrivial) linear combination of
(some of) the others, then the wectors are linearly dependent.
4. Note ditterence between this concept of independence amd that in statistics, in which independence
implies no discernible correlation, ie, no clear evidence for angle between vectors differing from x/2.
(. Hank and Helated Concepts

1. The number of linearly independent columna ig the dimension or rank » of the column space of &
ratrix.
e r < min{n, p) for an n x p matrix.
& Fxamples

1 2 3
(? b .1)1"‘“'{_2
27 3
6 3 .
11 rank=.}
1 1

pr o
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1 2 13

2 14 4 . : .

T 8 1 rank=2, becanse column 2 is a linear multiple of eolomn 1.
14 8 1

2. The rank of the eolomn sapace ig exactly the same a8 the rank of the row gpace. Le_, the nnmber of
lincarly independent rows s exactly equal to the numbser of linearly independent columne.

3. Spanning set: Consider the set of vectors £, .. 5. If a vector apace ¥V consists of all possible linear
oombinations of the F&, then the 5 span the vector space V.

4. Basi: A set of vectors that is linearly independent and spans a vector space forms a basis for that
Apace.

a. lllstration with 1, 2, and 3 vectors in x-y plane. Let i, i, and i be the vectors

2 2 —1
(1):(51) = ()
s Any one of these vectors 8 linearly independent but does not span the space.
& The three vwectors together apan the space, bat they are not independent.
s Any pair of these vertors apans the apace and B8 linearly independent, and thuas forma a basis for

the apace.
h. Spanning sets and bases are not unique. Special consideration often given to orthonormal bases,

in which bagis vectors are orthogonal and have unit length: ep. 7, = (Ifll) 1 Fg = ([1.) for the

¥-y plane
). Additional Vector (Operations
& e above for addition and multiplication by scalar
1. Inner product (dot product, minor product): result is scalar, a = 7§ = 7 = 3. ma
¢ |mplementing in H: a<-t(x){*Ly or a<-crossprod(x,y) or a<-sun{x*y)
# Length of ¥, denoted ||Z]|, ie equal to /7 - 2.
2. Outer product: result is a matrix, A = 75", where ag; = m;;
& lmplementing in K: a<-xf+4t(y) or a<-xfoly for vectors x and y. Note that for matrices X and
Y, XholkY is not the same as XE*Rt(Y).
B, Matrix manipulation
1. Addition:C = A + B, where o5 = a5 + by
Implementing: in H: C<-A+B
Associative
Commutative
Addition with scalar: C = A + b, where o; = ag; + b
slmplementing in B C<-A+b
2. Multiplication:C = AB, where o;; = 3 0%, agby;
Example

1 0 ,
a—l2 alg_fr 2 2
. 1 1 1

(1-14+0-1) (1-240-1) (1-3+0-1)
AB=[(2-14+1-1) (2-241-1) (2-3+1-1)
(1-14+1-1) (1-241-1) (1-3+1-1)

1 2 3
=3 5 7
2 3 1

Dehinesd only if pg = nigy
Implementing: in H: C<-A{+%E.
senerally not commutative, except for mmltiplication by 1 and multiplication of two diagonal
matrices
# Associative, if number of rows and columns allows the operation
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= |hstributive
* Multiplication by sealar: A = cX, where a;; = ory;
s lmplomenting in B A<-c=X
3. Kronecker Product (direct product, tensor product):

I'I]'|H I'IJEH S ﬂ]mH

ambB g ---  as.B
""'{uxnl:lzﬁ:lﬂllpxq}= - - - - 1

agB a-B --- a,B

where the resulting product has dimensions (np = mg) and the term a;; 1 is a block of the matrix
equal toe

by e oo oy,

ﬂi;ih] ﬂ-:';'"i'ﬂ ad ﬂi;ih:!....
@b gibee  --- oy,

& |mplementinge in H: AxXB.
4. Hadamard Product (Schur Product): C = A - B, where o;; = agh;. Le, it is elementwise
mltiplication.
a. Note the symbsd - to indicate the Hadamard product.
h. Operation dehined if iy = iy and py = py,.
. This ig what 8 done in K if yvou simply type A=B.
F. Home Special Matrices
SJUATE. i = ]
Symmetrical: square; XT=X
Diagonal: symmetrical; x;; = 0 for i # j
Identity: diagonal; 1 such that f; = 1
Inverse: X! auch that XX '=X""X=1
Urthogonal: square; all eolomng orthonormal: all rows orthonormal
« QQT=LQ"Q=1 Q"=
o FExample: rotation matrix (eounterclockwise by angle )

i

==

ool —sind T 1 cosll snd
q_(ﬁiﬂﬂ r:«‘.-%‘d?)‘i:";I =& _(—ﬂiﬂ.ﬂ ma{-')

i1
skior example, let & = x4, a0 that coad = gind = (L5, and let X = (1 2)- Themn:

_fony -0 o 1y (0707 0707
e 0707 0707 1 2]\ 0707 2,121
& Fxample: pernmtation matrix, which produces a row exchange. For examplbe,

010 noonl
P=|0 0 1]|:P"=P'=]1 0 0
1 00 n1amn

& The column § in which the 1 falls for & particular row € tells which row will take the place of
row i in the permnted matrix. For example, in P above, row 2 poes o rowr 1, row 3 poes to row
2, and row 1 poes to row 5. Thma:

010 1 2
n 0 1 4 5
1 00 [}
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