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CNF

In the area ol logical reasoning systems, conjunctive normal form (CNTF) is much more commonly
used. In CNIF, every expression is a conjunclion ol disjunclions ol kilerals. A disjunction of literals
15 called a clause. For example, the [ollowing expression is in CNI':

(AW B)A(-BV -C)A(AV OV D)

We can easily show Lhe [ollowing result:
Theorem 25.1: For every Boolean expression, there i3 a logically equivalent CONI expression.

Proof: Any Boolean expression B is logically equivalent Lo the conjunction of the negalion ol each
row ol its lruth table wilth value FF. The negation ol each row is the negation ol a conjunction ol
literals, which (by de Morgan’s law) is equivalent Lo a disjunction ol the negations of literals, which
15 equivalent Lo a disjunction ol literals. O

Another way o lind a CNI" expression logically equivalent Lo any given expression is through
a recursive lranslormation process. This does nol require constructing the truith table lor the
expression, and can resull in much smaller CNIF expressions.

The sleps are as [ollows:

1. Eliminale < , replacing 4 < B with (A = B)A (B = A).
2. Eliminale = | replacing it 4 = B wilth AV B.

3. Now we have an expression conlaining only A, V, and . The conversion of -=CNF(A) inLto
CNF, where CNF(A) is the ONF equivalent of expression A, is extremely painful. Therefore,
we preler Lo “move - inwards” using the [ollowing operalions:

1{ I.-":[] = A
(A A B)=(-AV-B) (de Morgan)
(AW B)=(-AA-B) (de Morgan)

Repealed application of these operations resulls in an expression containing nested A and W
operators applied to literals. (This is an easy prool by induction, very similar to the NAND
prool. )

4. Now we apply the distributivity law, distribuling A over VvV wherever possible, resulting in a
CNI" expression.

We will now prove [ormally that the last step does indeed result in a CNIT expression, as stated.



Theorem 25.2: [Lel B be any Boolean erpression conslrucled from the operalors A, WV, and —,
where - 15 applied only lo variables. Then there 13 a ONF expression loqically equivalent (o B.

Obwviously, we could prove Lhis simply by appealing Lo Theorem 6.4; but this would leave us with
an algorithm involving a truth-table construction, which we wish Lo avoid. Lel’s see how Lo do it
recursively.

Proof: The prool is by induction over Boolean expressions on the variables X. Let P(B) be the

proposition thal B can be expressed in CNIY; we assume B contains only A, WV, and -, where - is
applied only Lo variables.

e Base case: prove P(T), P(I'), and VX € X P(X) and VX e X P(-X).
These are Lrue since a conjunclion ol one disjunction of one literal is equivalent Lo the literal.

e Inductive step (A): prove VB, B2€B [P(B1) A P(B2) = P(B1 A B)l.
1. The inductive hypolhesis states that By and Bz can be expressed in CNF. Let CNF(B;)

and CNI(Bz) be two such expressions.

2. To prove: By A B2 can be expressed in CNIF.
J. By the induciive hypolhesis, we have

BiABys = ONF(B))NCNI(B3)
[CF A ACTYA(CE A .. ACD) [[’Jj-ﬁ are clauses)
= ((JA...ACTACIA .. ACE
4. Hence, By A B2 15 equivalent Lo an expression in CNI7.
e Inductive step (V): prove VB, Ba €B [P(B1) A P(B2) = P(B vV Bs)].
1. The inductive hypothesis states that By and Bs can be expressed in CNF. Let CNF(B,)
and CNF(B2) be lwo such expressions.
2. To prove: By WV B2 can be expressed in NI,
J. By the inductive hypolhesis, we have
BivBy = CONF(B)vUNF(Ba)
(CIA...ACTIVICIA...AC) [[’Jjﬁ are clauses)
= [CIVCOACIVOIIA.. ACTVCEYACTVCE

4. By associalivity ol V, each expression ol the lorm (3 v L‘g} 15 equivalent Lo a single
clause conlaining all the literals in the two clauses.

9. Hence, By Vv By is equivalent Lo an expression in CNI7.

Hence, any Boolean expression constructed [rom the operators A, WV, and —, where — is applied only
Lo variables, is logically equivalent Lo an expression in CNIF, O

This process Lherelore “llatlens™ Lhe logical expression, which might have many levels ol nesting,
inlo lwo levels. In Lthe process, il can enormously enlarge il; the distributlivity step converting DNIY
into CNF ean give an exponential blowup when applied Lo nested disjunctions (see below). As with
Lhe conversion Lo NAND-lorm, the prool gives a recursive conversion algorithm directly.

Many problems ol interest in 05 can be converted into CNIT representalions; solved using Lheorem-
proving algorithms for CNIY; and then the solution is translabed back into the original language ol
Lthe problem. Why would we do this?
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Figure 1: Minesweeper examples. (a) Initial display for a 4 x4 game. (b) Final display alter
suceess(ul discovery ol all mines. (¢) Simple case: only one solution. (d) Two possible solutions,
but both have (3,1) blank.

¢ Because we can work on linding ellicient algorithms [or CNIF instead ol linding ellicient algo-
rithms [or hundreds ol dillerent problems.

o Because we can lake advanlage of all the work other people have done in linding ellicient
algorithms for CNI.

¢ Because olten we [ind, once we reach CNI7, thal we have one or other special case of CNI [or
which very eflicient (e.g., linear-time) algorithms are known.

There are olher “canonical problem™ targels besides CNF, including matrix inversion and delermi-

PRI nanis, linear programming, and linding roots ol polynomials. As one becomes a good computer
scientisis, one develops a mental “web”™ ol interrelaled standard compulational problems and learns
Lo map any new problem onto this web. Minesweeper is a good example.

Minesweeper

The rules ol Minesweeper are as [ollows:

e The game is played by a single player on an X x ¥ board. (We will use Cartlesian coordinatles,
so Lhat (1,1) is al bottom left and (X,1) is at bottom right.) The display is initially empty.
The player is told the total number of mines remaining undiscovered; these are distributled
uniformly at random on the board. (See Figure 1(a).)

o Al each turn the player has three oplions:
1. Mark a square as a mine; Lhe display is updated and the tolal mine count is decremented
by 1 (regardless ol whether the mine actually exisis).

2. Unmark a square; the mine mark is removed [rom a square, relurning it to blank.

3. Probe a square; il Lthe square conlains a mine, Lthe player loses. (Olherwise, Lthe display is
updated Lo indicate the number ol mines in adjacent squares (adjacent horizontally, ver-
tically, or diagonally). Il this number is (), the adjacent squares are probed automatically,
recursing until non-zero counis are reached.

e The game is won when all mines have been correctly discovered and all non-mine squares
probed. (See Figure 1(b).)
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