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1 Achieving Optimal Estimators

From the last class, we know that the best limiting distribution we ecan hope for a parameter o (f) is
N0, deladl) ). The next question to ask is whether such bound can be achieved.

This is the theme of our next result:

Lemma 1. (Lemma 8.14 in van der Voart, 1998)

Assume that the crperiment (Fy - 8 € B) s differentiable in quadratic mean al 8y with non-singular Fisher
information matrr Iy, Let b be differentiable at 8. Let T, be an estirnator segquenece in the crperiments
(PR : 0 c R*) such that:

Vi (Ta — () = ﬁzﬁf;'mxa +ony(1),
i1

then T, s the best regular estimator for o(0) at 0. Conversely, every best reqular cstimator sequenee satisfies
this crpansion.

Proof. Lot

ﬂnlﬁl = % Efﬂ{xi]-

We know that A,  converges in distribution to a Ay with a A0, Iy) distribution.

From Theorem 7.2 in van der Vaart (1998) we know that:
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Using Slutsky’s theorem, we goet:
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Using Le Cam’s third lemma we ean conelude that the sequenee /miT, — o(0)) under 8 + :"E; CONYCTEeS in

distribution to N{dgh, qf-ﬂfﬁ,' j-a,l';;] Sinee 4 is differentiable, we have that /n [:-a,b{ﬂ 4 ﬁ_‘] - -a,b{.[-]'j:] s fiph A8
n — oo, We conelude that, under 8 + ;’!ﬂf, il — (0 + ﬁ]}l does not involve k, that is, T, is regular.
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To prove the converse, let T and S, be a two best regular estimator sequences. Along subsequences, it ean

be shown that:
n : 3 B Qi
(et AR

for a randomized estimator (S, T') in the limiting experiment. Beeaunse S, and T, are best regular, S and
T arc best equivariant-in-law. Thus § = T' = o3 X almost surely and, as a result, VulS, — T,,) converges
in distribution to § — T = 0. As a result, every two best regular estimator sequenees are asymptotically
cquivalent. To et the result, apply this conclusion to Ty and:

Su = {0+ ?fﬁﬂm;o A

Remarks on Theorem 8.14:

o From theorem 5.39, an Maximum Likelihod Estimator ﬁ,l satisfies:
ﬁ(ﬁ : E} iif o(Xi) + ory (1)
T ﬁ i il I i}

under regularity conditions. It follows that MLEzs are asymptotically efficient. This result can he
cextended to a transforms of the MLE (8) for a differentinble 4 by using the delta method and

ohserving that ﬂ-{ﬁn} salisfics the expansion in lemma 8_14.

o Lemma 814 sugeests that ao seore functions leading to tests constructed from the scores are asymp-
totically cfficient.

2  Functional Delta Method

The functional delta method aims at extending the delta method to a8 nonparametrie context. The high level
idea is to interpret a statistie as a funetional ¢ mapping from the spase of probability distributions I to the
real line B and use a notion of derivative of this functional to obtain the asymptotic distribution of qﬁ{ﬁ',.]n.

We have proven before that:

S, ||ﬁ',.,|:I} F(z)|| &0, (Glivenko-Cantelli Theorem)
Vn (ﬁ'u : F} LGy, { Donsker Theorem)

where ii',l is the empirical distribution function based in » samples and Gy i3 the Brownian Bridge.

Chr poal now is to find conditions on the funetionals ¢ 50 we can extend the above modes of converpenee to
él[l‘i',,}. As wo will soe in detail below, consisteney of the scquence .;5{13'1.,} follows casily from assuming & to he
contimious with respeet to the supremum norm: this a natural extension of the continnous mapping theorem.
The gencralization of the delta method to funetionals is more involved as different notions of differentiability
of functionals cxist.

Before we jump into the continuons mapping theorem and the funetional delte method, a few examples of
statistical functionals are in order.
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2.1 Examples of statistical functionals
e The mean: u(F) = [ XdF(X);
» The variance: Var(F) = [(X — p(F))*dF(X);
» Higher order moments: pue(F) = [(X — p(F))*dF(X);

e The Kolmogorov-Smirnov statisties: K(F) = sup, ||F(x) — Fa(x)||, where Fy is a fixed hypothesized
distribution;

» The Cramer-von Mises statisties: C(F) = [ (F(x) () dFy(x), where Fy is a fixed hypothesized
distribution;

= Vostatisties: $(F) Ei (T(Xy,Xa,...,Xp)) where Xy, Xo, ..., X, are independent copics of F-
distributed random variables;

» Quantile functional: ¢(F) = F1(p) 2 inf.{r: F(z) = p);

2.2 Consistency of statistical functionals

One possible assumption to ensure that q":[ﬁ',.}l converges to ¢ F') is continuous with respeet to the supremum
norm. Formally, this is defined as:

Definition 2. Continuity of a functional
Let 1D be the spaee of distributions and & : ) — R, We say ¢ is eontinuous (with respeet to the supremum
norm) at F if:

sup || Fe(x) — Fz)|| — 0= &{F,) — &{F).

The next result is an extension of the continnous mapping theorem to funetionals and ean be used to establish
the consisteney of statistical funetionals.

Theorem 3. Continuous Mapping Theorem for Statistical Funetionals let o - IV B be a contin-
wous funectional at F. It follows that:

If |Fa — Fllao 5 0, then ¢(F,) — #(F) B 0.

Proof. From eontinnity of ¢ (with respeet to the sup norm), we have that for every £ > 0, there exists 4 = 0
such that:

IFa — Fllee < &= [l 6(Fa) — (F)] <.

Henee,
0 < P(|$(Fa) — $(F)]| > €) < P(|Fn — Flloo > 8(5)) -0,

where the last eonvergence is due to ||[F, — Fl F. 0 by hypothesis. |



