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hence o (£) = o (H*). For a fixed h and C, the continuous finction (1 — (hyCy )
of h balongz to H*, and i mmcreazes monotonely to the mdicator of |k = C).
Thus the mdicators of all zatz in £ belong to ', The assumptions about H*
ensure that the clazs B of all sets whose mdicator functions belong to H* 15 stable
under fimite intersechions (products), complements (subtract from 1), and increasing
countable wmons (montone mncreasmg himitz). That 15, B 1= a A-zvstem, stable
under imte mtersections, and confamme £. It 15 a sigma-feld containmg £. Thus
BZ2a(f)=c(H"). That 1z, H* contains all indicators of sete 1 a ().

Fmally, let & be 2 boundad, nonnesatrve, o (M )-meazurable function. From
the fact that each of the zets [k = i/2"), fori =1, ...,4", belongs to the cone H*,
we have k, :=27" E;‘l,lﬁ: = if2%} € H*. The funchons &, mmcrease monotonehr
to &k, which consequently also belones to H*.
Theorem. Let H* be a2 A-cone of bounded, nonnegative fimctions, and G be a
subclass of HY thatf 1s stable under the formation of pombwise products of pars of
functions. Then 'H* contains all bounded, nonnegafrie, o (§)-measurable fimetions.

Progft Let M| be the smallest A-cone containing §. From the previous Lamma it
iz anough to show that M) iz stable under pairwize products.

Arzue as in Theorem <38> for A-zystems of zets. A routine calculation shows
that Hf :=f{h e W} - hg e W} forallgm § } 15 a Acone contarming §. and
hence H} = H}. That iz, hyg & M} for all hy € W and g e §. Similarly, the class
MW} = th e W, : hoh e W for all by in M) } is a A-cone. By the result for 3 we
hzve M) = G, and hence M) =M. That is, M| iz stable under products.

ixercise. Let u be a finite meazsure on B{R*). Write Cy for the vector space
of all continmouns rezal functions on R® with compact support. Suppese f balones
to L'{u). Show that for each ¢ = ( there exists a2 g 1n G such that u|f — g < €.
That 1=, show that G, is dense m L' {p) under its L' norm.

SoLuTIoN: Define H as the collection of all bounded fimetions in L'{u) that
can be approxmmated arbitranly closely by functions from . Check that the
clazs H* of nomnegative finctions in H iz a A-cone. Trivially it contains C, the
clazs of nommegative membars of Cy. The sigma-field o(C)) comeides with the
Borel sigma-fisld. Why? The claszs H' con=ists of all bounded, nonnegative Borel
measurable functions.

To appromimate a general f im L' (p), first redoce to the case of nonnegative
functions by splitimg mto posifive and nesgatrre partz. Then mmoke Dominated
Comvergence to find a fimte n for which u|f* — f* An| < ¢, then approximate f* An
by a member of C. See Problam [26] for the extension of the approximation result
to minite measures.

Problems

Suppose events A, .4z, ..., m a probability zpace (2, F, ), are mdependent:
meamng that M4, 4. ...4, ) = P4, P4, .. P4 for all choices of distinet
subscripts i, i, ..., i,, all k. Suppose 3°° P4, =00
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{1) Using the mequality e~ > 1 — x, show that

Pmax 4, =1 — 1_[ {l—l”.d:]-'-:l—erp(— E F..-!,)

L R e
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(11) Let m then n tend to mmfmty, to deduce (via Dommated Comvergence) that
Plimsop, 4, = 1. Thatis, P{4, 1 o}=1
REMARE. The result gives a comverse for the Borel-Cantelli lemma from
Example «20-. The next Problem extablizhes a similar remult under weakar
a5 sumpiions.

[2] Lat A4y, A2, ... be eventz 1n a probability space (82, F, ). Defme X, = 4, 4...+ 4.
and o. = PX.. Suppose o, — oo and X, /o ||z = 1. (Compare with the ineguality
I.X, /o |2 = 1, which follows from Jensen's inegqualin: )

{1} Show that
I — u ==
== Ek+1)
for each positive integer K.

(i} By an appropriate choice of k {depending on n) mn (1), deduce that 3" 4, = 1
almost surely.

(i) Prove that 370 4, = | almost surely, for each fixed m. Hint: Show that the
two comvergence assumptions also hold for the sequence A, , Axsl. .. ..

() Deduce that Plw e 4, 1. 0. } = 1.

(v) If {B:} 1= a sequence of events for which %" PB, = oo and PE B, = PH.PE,
for i # j, show that Plw e B, 1. 0. } = 1.

[3] Suppoze T 1= a funchion from a set X mto a set Y, and supposs that Y 12 sgqmpped
with a o-field B. Define A az the sizma-field of sets of the form T-'F, with B m B.
Suppozse f e MH(X, A). Show that there exists a B\B[(, ool-measurable funchon
g from Y nfo [0, oo] such that fi{x) = g(T(x)), for all x m X, by following theze
steps.

(1) Show that A 1= a o-field on X. (It 1z called the o-fisld generated by tha map T
It 1= often denoted by o(T).)

(i) Show that {f =i/2"} =T "B, for some B, in B. Define
4 2"
£=2"31f=i/"} amd g, =1")B.
i=I =1

Show that f (x) = g (T(x)) for all x.
{m) Define g(v) = lmsup g (y) for each v m Y. Show that g has the desired
property. (Question: Why can’t we define g{v) = lm g_(¥)7)
[4] Let g, ... be A\B(R}-measurable functions from X mto R. Show that
{imsup g, = 1} = Ur‘l} Mo, L. lg = r}. Deduce, without any appeal to
Example <8, that ].1.1:151::115, 15 ANB(R)-measurable. Waming: Be careful about
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strict mequahities that tum mto nonstrict mequaliies m the hmit—it 15 possible to
have x. = x for all #» and still have hmsup x. =x.

Suppose a clazs of sets £ cannot separate a particular pair of pomts x, v: for every E
m &, aither {x, v} C E or {x, v} € E°. Show that o(£) also cannot separate the pair.

A collaction of sets F, that 13 stable under fimte vmons, finite Intersechions, and
complements 1z called 2 field. A nonnegatrire zat function u defined on Fy; 12 called
a finitely additive measurs if p (U -F.) = ¥, pF for every finite collection
of disjoint sefte m Fy. The szet function 15 said to be countably additive on Ty of
(U gF) =73 _yoF, for every countable collechion of disjoint sets 1in F, whoss
union: belongs to F. Suppose uX <= oo, Show that g 13 countably additrve on & 1f
and only if pAd, | 0 for every decreasing sequence m F, with empty mtersection.
Hint: For the argument m one direchon, consider the vnion of differences 4,\4, ;1.

Let f,,....f  be functions m M*Y(X, A), and lat g be 2 measure on A. Show that
pivi =% pf =pv F)+Y . mlf A f) where v denotes pointwise maxima
of fanctions and A denotes pointwise minima.

Let u be 3 finite measura and f be a2 measurable function. For each postrre
integer k, show that p| I < oo if and only if 370 # ' u{|f] = n} = oo

Suppose v = Iy, the mmage of the measure g under the measurable map I'. Show
that e L'(v) if and only if foT e L'{n), in which case vf = u(f o T).

Let A}, |.f ). and |g.} be zequencez of u-mtesrable functions that comerge u
almost everywhere to lmits b, f and g. Suppose k. (x) = f.(x) = g.(x) for all x.
Suppose also that ph, — ph and pg. — pg. Adapt the proof of Domuinated
Comvergence fo prove that ufl — uf.

A collection of zets 15 called 2 monotone clasz if it 1= stable under umons of
ImCTeasing sequences and infersechions of decreasing sequences. Adapt the arsument
fromm Theoremn 38> to prove: if a class £ 15 stable under finite unionz and
complements then o(£) eguals the smallest monotons class contamming £,

Let u be a finife measure on the Borel siema-field B(X) of a2 metmnc space X. Call
a set B mmmer regular if pb = sup|uF : B O F closed } and owter regular 1if
B =mflpF : B C & open |}
(1) Prove that the clazs B of all Borel sets that are both mner and outer regular 1s
a zigma-held. Deduce that every Borel set 13 mner regular.

(1) Suppose u 1z tight: for each ¢ > 0 there enists a compact X, such that
pE® < €. Show that the F in the defimtion of mner regulanty can then be
assumed compact.

(1) When p 1= tight, show that there exists a sequence of disjoint compacts subsets
{E; - i € N} of X such that u (L E,) =10.

Let u be 2 fimute measure on the Borel sizma-fisld of a complete, separable metnc
space X. Show that u 15 fight: for each ¢ = { there exists a compact K, such that
pk: = . Hint: For each positrve mteser n. show that the space X 15 a countable



