Chapter 10

Linear Operators,
Eigenvalues, and Green’s
Operator

We begin with a reminder of facts which should be known from previous courses.

10.1 Inner Product Space

A veetor space Vs a collection of objects {r} for which addition s defined.
That 15, f =y V., 4y V¥V, which addition satsfies the vsual commutative
and sssoctative properties of addition:

r+y=y+r, T+(y+z)=(r+y)+-= (10.1}
There 15 a wero vector 0, with the property
l+z=z+0=m, (10.2)
and the mverse of =, denoted —x, has the property
r—r=z+(-x)=0 (10.3)

Vectors may be multiplied by complex numbers {“scalars™) in the woal way.
That 15, 1f XA 15 a complex number, and = € ¥V, then Ar € V. Multpheation by

soalars 1 distnbutive over sdditon:
Alz+4) = Ar+ Ay (10.4)
Scalar multiphcation s also assomative: If A and g are two complex numbsers,

Apr) = (Ap)z. (10.5)
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An fnner product space 15 & vector space possessing an mner product. IF »
amd 4 are two vectors, the mner product

(=, u) (10.6)

15 & complex number. The mner product has the following properties:

(=, ¥+ az) = {x,¥) + oz, 2}, (10.Ta)
(z+ Py, z) = {2} + 5" (w. 2, (10.7h)
(=, 4) = {u,x)", (10.7c)
(2} =0 if z£0, (10.7cd)

where « and 4 are scalars. Becanse of the properties (100.7a) and (10.7h), we
say that the mner product 15 linear i the second factor and antilinesr o the

first. Because of the last property (10.7d), we define the norm of the vector by

il = /{73, (10.8)

10.2 The Cauchy-Schwarz Inequality

An important result is the Canchy-Schwarz inequality,' which has an obvious
meanng for, say, three-dinensional vectors. It resds, for any two vectors = and

Y
iz, | < li=llllwll. (10.9)

where equality holds if and only if = amd v are hoearly dependent.
Proof: For artatrary A we have

0= {z— dypx— My = ||=]* — A= w) — A (v =) + | APl (10.10)

Becanse the mequabty 15 tnvial of v = 0, we may assume 4 £ 0, and 50 we may
choose

-

The the mequality (10.10) read

. 2 ik
0 < ol - poslte i + LR
(=, w)[*
— =z ! , 10.12
-t (10.12)

from which Eq. (10.9) follows. Evidently inequality holds in Eq. (10.10) unless
e = Ay (10.13)

II'he nnme Bunynkovekii should nlso be pdded.
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From the Caunchy-Schware inequality, the tnangle mequality follows:

=+ ull < li=ll + |#l]- {10.14)
lz+u]® = {4+ 9.z +%)
= |l=lI* + llwll* + 2Re {x. v}
< ll=ll* + llwll® + 2|{x, 4}
< [l=ll* + lwll® + 2]|={|lwll = (=l + Null)*- {10.15)
QED

10.3 Hilbert Space

A Hilbert space H 15 an moer product space that s complete. Recall from
Chapter 2 that a complete space 15 one 1n which any Caochy sequence of vectors
has & limit 1n the space. That 15, 1if we have a Cauchy sequence of vectors, 1.e.,
for any € = 0,

{Falna: ||ln—zmll<e Ymm>= N(eg, {10.16)

then the sequence has a hmit in H, that i, there 15 an # € ‘H for which for any
€ > [ there s an ¥ (¢) so large that

| — 2all < ¥ n>=N(e). {(10.17)
We will mostly be talking about Hilbert spaces m the followimg.
Suppose we have a countable set of orthonormal vectors Jeg}, i = 1,2,
m ‘H. Orthonormahty means
{er, 85} = dyy. (10.18)

The set = said to be complete if any vector £ 1n 'H ean be expanded in terms of
the g2

T = i{ﬂ,:}m. {10.19)

Here convergence 15 defined in the sense of the norm as desenbed above. Geo-

metrically, the inner product {eq, ¥} = a kind of direction cosne of the vector =,
or a projection of the vector r on the basis vector ey

211 the space is finile dimensional, then the sum runs op W the dimensionndity of the spaee.



