1 Elliptic Harmonics

In the complex nolation z(u) is represented as a series ol complex exponentials.
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where the complex coellicient z; can be expressed in polar notation, ie.
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with v, € I, r = 0, and ¢ € . The terms e & deseribe rotations as a funel. ol arclenglh s.
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We have demonstrated thal the terms (zpe & + z_pe” & ﬂ:I- [orm ellipses that are traversed
n Limes while traversing the ligure [rom (0 o L. Remember the demonstration wilh pairs of
phasors of dillerent length |z,| rotating clockwise and counterclockwise, and resulling vector
being the sum of the clockwise phasor z, = {a, b} and the counterclockwise phasor z_, = {e, d}.

1.1 Normalization in object and parameter space

The normalization proposed by Kuhl and Giardina is based on the ellipse delined by the 1% order
Fourier descriptors and is carried oul both in object and in parameler space. Normalization in
objecl space ellects Lthe curve’s position, orientation and size, while thal in parameler space
applies to the curve parametrization behind it. Aller normalization in objecl space the center
ol the 17 order ellipse ol a normalized contour concurs with the coordinatle origin, its main axis
overlaps wilth the r-axis ol the coordinate sysiem has the lengih ol 1. In parameler space Lhe
sltarting poinl of the paramelriszation i8 moved Lo a standard position delined by the crossing ol
the 1% order ellipse and its main axis.

1.1.1 Dependence on starting point

To make the descriptors independent on the starting point ol the parametrization, this can be
shilled to a standard position, e.g. Lo the tip of the ellipse defined by the 1% order Fourier
descriplors. This can be thoughl of as a rolalion in parameler space 7 given by Lthe unil circle.
The translormation is delined by

tn | = 2ne?™ (1)

where the notation |Y marks the coeflicients resulting from shilting by angle 0.

1.1.2 Dependence on rotational position

In the complex nolation, rotation in object space by angle 4 is simply a mulliplicaltion by e™ 3.
Applying it Lo 1 immediately reveals the coellicients of the rotated object.

2n |F= zpe™® (2)

To achieve a standardized position ol the curve, it is rolaled in a way thal its [irst ellipse’s main
axis malches Lthe horizontal (real) coordinale axis.



1.1.3 Scale dependence

Scaling the objects by [actor « leads Lo multiplying ils coellicients by Lhe same [aclor:

zn |°= az, (:3)
The scaling [actor « is usually sel Lo normalize Lthe hall major axis Lo unily, meaning
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1.1.4 Invariant Fourier descriptors

Ignoring zp, that is setling zg |* = 0, achieves translation invariance. Summing up all standard-
izalions: the invarianl coellicienils are denoled z,:
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Figure 1: Normalization steps ol Fourier coellicients; shilting ol the starting poinl to the Lip ol
the ellipse (a), moving the center ol gravily Lo the coordinate origin (b), rotaling the main axis
ol the ellipse Lo the real axis (¢}, and [inally sealing the hall major axis Lo unity (d).

1.2 Relationship to real valued notation

There is a close relationship belween Lhe complex and real notation (see the document Kelemen-
EllipticHarmoniesOnly.pdf), i.e. they can be converted inlo each other.
In the complex notation of Fourier coellicients real and imaginary paris ol z, correspond Lo Lthe

x and y coordinales
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where the real valued coellicienls ay,, by, ¢n, and d, are delined as [ollows.
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