STAT 2120, Fall 2012: Notes on Topic 5

Condibonal probabilify

» A conditional probability, P(B|.4), gives the
probability of some avent, B, undar the condrtion
that some other event, 4, has definitely ocourred.

» The general multiplication rule i= P{4 and B} =

P{A)P(B|A).

o This mle extends to multple events as
PlAandBand ) =
PlA)P(B|A)P(C|A and B), ete.

o Rearrangms this rule yields P(B|4) =
P(Aand B)/P{A), which serves as a
defimtion of conditional probabality.

o If A and B are mdependent, then P(B|A4) =
P(B), which 15 qmekly dermved from the
previous property P4 and B) = P(A)P(EB).

* A tree diasram 1s comvement way of crzamzine
one’s thinkms when working with condihional
probabilhes.

o Each branch extending from some event to cne

of possibly mamy other avents represents a
segment of a possible path through the stazss
of a problem. It 15 labelad by the conditional

probability of the latter event zrven the former.

o The condrhonal probabiihies zzsociated wath
all of the branches extending from the same
event must sum to one.

o Each complete path from the first to the last
stage of 2 mblrepra&ui‘sthem-ﬂlapuf
the avents along that path. Its probability 1s
calculated by multplying the comesponding
conditional probabilities.

o The probabihty of some event at the fmal stage

of the problem 15 calculated by addmg the
product of probabilifies along all complete
paths that lead to that event.

* Bayes's rule is: PLAIB) = P(B|AIP(A}/

[P(B|A)P(A) + P(B|A")P(A")}.

o It 15 often eazier work with the defimtion of
condrhonal probability, while manipulating
probabilibhes m a tree diagram. than work with
the formula for Bayes's ruls.

o The mumerator of Bayes's rule reflects the
multpheation of conditional probabilities
alongz a free diazram’s complete path throuzh
A and then B.

o The dencominator of Baves's mls reflects the
addition of probalilities of all the completa
paths m a tree diagram that lead to event 5.

Bmommal dismbutions:
# The binommal dismbuhons provide a theorehical
model for count data having a fixed maxammmm.

* The bincrmal satting 1= defined a= follows.

o A fixed number, n, of tnals (i 2., chance
happenmss) are ohearved.

o The tnals are mdependent. That 15, knowmg
the outcome of any one tnal will not affect the

o Each trial has the zame two pozsible outcomess,
whose genanc labeks are 5 (for “success™) and
F (for “failura™).

o The success probability, p = P(5), 15 the zame
for each tnal.

* Some properties of the inomial sethng are:

o The sample space consists of 2* pozaible
cutcomes, comresponding to the mumber of
possible lensth-r sequences of S and F.

o Each poszible outcome has probabality
2*5(1 — p)*", where £#5 and #F count the
respective number of 5 and F m » tnals.

o T'herea:e@} pozsible cutcomes with S
appearing exactly k times.

* The random variable, X, that counts the numbar
of 5 11 the bimcnmal sethng 15 called 2 imormal
random variable and 15 saud to have a bmomsal
ditnbution.

* Some properfies of the probahility model for 2
bmommal random vanable, X, are:

o The sample space consists of 1 + 1 possible
outcomes, 5 = {0, 1, ..., n}

o Probahlities are assisned as P(X = k) =
{E}p"{l —1)™"%_ These are sometimes
called binomual probabilihes.

o The mean and standard deviation are u, = np
and oy = 4/ np(l —p).

* Some approaches for findine binomual
probabilities are:
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B L:Iz_:a_ﬂ:e formula P(¥ = k) = 7 ) *(1 -
) it

o Use a binormzl table, such as that on p. 325,

o Usze the Excel function =binomdist{k, 1, p, 0)
for P(X = k) or =hinomdist{k, =, p, 1) for
P(X < k). The latter are called cumulative

o Use a Mormal approxmation, POY < k) &
P(z < (k —np)/ynp(1—p)). Amle of
thumb 15 to apph- the Normal approxamation
when np = 10 and n{l —p) = 10.




Poisson distnbufions:

# The Poisson distmbutions provide a theoretical
modal for open-endad counts.

# The Pouzson sething 15 defined as followes:

o “Suoccess points” are counted within a fixad
region or fime-mferval sfc., which 1z a
arbitrank small “unifs of measura ™

o Counts of success pomts are mdependent
betwean any nonoverlapping umts of measure.

o The mezan count of success pomts m amy onrt
of measure 13 proportional to s size.

o The probability of fwo or more soccess points
1 the zame umt of measure bacomess
arbitranly small a= the size of the unit shrinks.

* The random vanabls, X, that counts the number

of success pomnts mn the Poizson sethng 15 called 2

Poizson random vanable and said to have a

Poizzon distribution.

* Some properties of the probability model fora

Peizson random vanable, X, are:

o The sample space 3 5 = {0, 1 ..}, which =
mfinite, but may shll be counted; thus, X 1= 2
dizcrate random variable

o Probabilifies are assigned as P(X = k) =
g *u* k! where u is the mean count of
success pomts and ¢ & 2.71828 15 the base of
the natural logarthme. These are sometimes
called Poizson probahhities.

o The mean and standard deviation are g, =
and o, =

Some approaches for finding Poiszon

probabilities are:

o Use the formmla POY = k) = e~ #u®* k!

o Use the Excel function =poisson(k, g, 0) for
P{X = k) or =poisson(k, &, 1) for curmlative
probahibhties P{X < k).

Some pomnts to conzsider when pondenng the

Poizson distribution as a model for data:

o IfX and ¥ are Poisson random vanables
counting the success pomts mn nonoverlappine
regions or time-intervals, ete then Z = X + ¥
15 2 Poizson random vanable with mean
My = g,

o If i 15 the mean count of success points per
umt of space or time, then qu 1= the mean
count of success pomts 1n a region or tme-
mterval & unrts m size
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Introduction:

* Probability caleulztions halp distinemsh pattarns
sz 1n data between thoss that are due to chance
and those that reflact a real feature of the

* The two most promunant types of formal
statistical nference are confidence mtervals and
tests of sapmificance.

o Thesa report probabilities descmibms what
would happen 1 the “long run™ 1f the
experiment was repeated marny, many times.

o The prebabihties denve from samplins
distmbutions, based on a probability model.

* Concepts will be mtroduced for inference on the
mean. i, of a population.

o The dafa are taken to derrve from a sample of
size 17, on which ¥ and 5 are calculated.

o The population vanance & wall be
{unrealistically) treated as kmown. Substitute =
for o until we leam how to work when 7 1=
unknown.

o A population refers to the enfire collachon of
items from which a sample 15 dravm.

Estimating with “confidence:”

# The sample mean ¥, provides an wmbiazed
estimate of ;. A [RINISISENEIE is irtended
to provide such an estmate with an mdication of
its varnakhity.

# The bazic reasonmg underlymg a confidence
mterval for g 1= as follows:

o By the central hirmt theorem X 15
approximately N{p:. n‘fﬁ}. Thus, it is naturzl
to state distances of ¥ from i 1 units of (the
sample mean’s) standard devizhon, o =
afvn.

o The prebabihty of ¥ lying within a certain
distance, oo, fromp, € = P(—ao: < ¥ —

[ < ag:), provides a2 degree of confidence m
such an zzseszment The quantty C 15 called
the confidence leveal.

o Omne would state bemz £100% confident of 1
Iymg between the bounds £ + ac;. A
confidence mterval rafars to the mtarval
betwean those bounds.

o The quanhty ao; 1= 2 margn of error. A
smaller margm of arror mdicates a more
precizs mference.

o Inthe “long ran.” after repeated
e::pe:mmntahnn,ﬂ'il}ﬂ%nfmnﬁdm

* (rven a desirad confidence level C, 2 zeneral

formula for a confidence mterval for u 15

¥+ " a/vVn.

o Thequantity z" 1z suchthat C = P{—s" < Z <
=), where Z 1z N(0,1). It 15 called a critical
value of the standard normal distnbution.

o The aszociated margmm of arror 1z m =
=" a/vn.

o The confidenca level C, 15 exacthy comract 1f
ﬂnepupulahnnhasaﬂu-mﬂldmﬁtnm-:n,md
approximataly correct when n 18 larse.

¢ Flementary behavior of confidence interials,

terms of the margin of error, m = =° o /~n:
o Regmrng leher confidence, by mcreasms C,

mereases the m.
o A smaller population vanance, o, dacreases m.

o A larger sample size, n, decreases m.

* When plannme a sample, the zample 170 may be
chosen to target a desired m from a desired €.

o The relevant sample size formula 1z 7 =
(z"o/m)*.

* The confidence interial formulas of this sechion
are valid enly m speafic circumstances.

o The zample must have been drawn by SRS,

o Smce X 15 not resistant. netther 12 the
associated confidence mtarval.

o Demation of the confidence mtarval formmla
ralies on the central hnut theoram If the
population 15 possibly non-Normal » = 151
usually sufficient for accuracy, absent extrame
cuthers or strong skewness.

o Knowledze of o has been aszsumed, buf the

formula ¥ + =" 5/vn is valid for large
samplas.

o The margmn of error accommodates sampling
vanability, but not errors due to sampling bias,
such as undercoverage and nonresponse.

Tasts of sizmificance:

. A_aﬂtamﬂx&hﬂhnfa
hpothesis through companson with obsarved
data
o A hypothesis 15 a statement abouf the
parameters of a populahon or model.

o The pull hypothesis, H,, states the status quo
(&.g., no effact of 2 new treatment).

o The alternatrve hypothesis, H__ states our
suspicion of what 1s true (5. 2., the new
treatment 15 effectra).




