MATH 2300 - Calculus II1
Fall 2008
Homework 2 - Solutions

For questions 1 7, assume that # is a fixed mumber in the interval [0,27) and the position R of a particle
moving in space is given by
T—=ocosf, y—cosfsint, 2z —sinfsint

for —eo <t < ao.

1. Show that the particle lies on the unit sphere (that is, the set {(r,y,2) : 2% 4+ ¢? + 22 = 1}) for all values of
L.

SOLUTION: The pozilion veclor R haz length one:

R-B = Emﬂ=+ﬁ]1'ﬂﬂﬂiﬂﬂi+!-ﬁnﬂ-ﬂ'liinﬂi
— oot + Ain° |',|:|-:'|J:|2 & + oo i)
= 1.

2. Determine the velocity, the speed and the acceleration of the particle.

SOLUTION: The velocity veclor at t iz
R(t) = —=amil+ cosfeost] + sind costh
The zpeed ia the length of the velocity vector. It's best fo compute the square of the speed first:

R(f)-R'(t) = cos®t+ cos? @sin ¢ +sin® Osin ¢
= cost t 4 sin® H{cos® @ 4 sin® @)
= 1

It iz now clear that |R(t)| = 1. The acceleration vector af £ is

R(t) = —ecosti—cosf@sintj— sinfsintk.

3. Show that the velocity is tangent to the unit sphere at R for every valoe of ¢

SOLUTION: The curve R lies on the wunil sphere, 20 the velocity veclors of this curve are tangent fo the sphere by
definition. Or, if you like, you can show that the dot product of the position vector and the velocily vector are orthogonal.
In fact,

—posiand +E1.H-.|'2-Ei|'|:l'.:l!-l-f-ﬂillf- + sin- @ cos ¢ sin t

R(t) - R'(¢t)
= —costsint + costsin t{cos” 8 4 sin? §)

= L
4. Find the unit tangent vector T, the unit normal vector N and the binormal B for every value of t.

SOLUTION: The unit tangeni vector iz exactly the velocily vector because the speed 15 unity. Seo,
T(t) = — sinii + cos @ cos €] + sinf cos e
The normal veclor iz oblained @m two steps. First calenlate

T(t) = — cosil— cosfsint] — smf =tk
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Next it iz ecasy show just like in the case of the velocity vector that this vector has length one. Thus,

Ty T o ’ b hun
= ) = (2] = —coall — cosl@sin ) — s fan ik
The binormal i given by
B(t) = T(&) = N(t)

= —zmnd#j + cosflk.
Iz the binormal vector tangent to the sphere at R(t) for every value of 17 Explain.

SOLUTION: The binormal is tangent o the sphere af R(t). The reason i simple: B(E) is orthogonal to the point R(t)
{which lics on the sphere) for every value of £ Indeed,

R{t) - B{t) = 0.

. Does the unit normal vector at R(t) point into the unbounded region of space bounded by the sphere or the

bounded region bounded by the sphere? (In the first case we say N is the outer normal; in the sccond casc
it is called the inner normal ) Explain.

SOLUTION: It points inlo the bounded region; it i the inner normal. To see this, consider the position vector R(t). It
pointa from the origin to the point which we also il R(t) on the sphere. Thus we can think of this vector as pointing
toward the unbounded region. It iz in the direction of the ouler normal The unit normal N{t) is parallel o the position
wvector bul i points in the opposite direction. For example, we have that

R{t)-N{t) = —cos’t— cos®#sin®t — sin? Psin'
= —(cos" &+ sin'(sin” @ + cos” #))
= -1

The dot product is defined o be the length of R(t) times the length of N(L) times the cogine of the included angle. Both
lengths are unily. So, the cosine of the angle is —1. Thiz means the angle iz 7w [for 1807 )

Find the curvature of the parametric curve ¢t +— R{t) at [(t) for every value of ¢

SOLUTION: The simplest way to compule the curvalure iz to use the formula

_R(t) = R7{e)]
(Re(t) - RU(e))¥*

In our mse, since the length of the velocity vector i3 undly, we don’t have to recompule the denominator. Lel us simply
eomiple

R(t) = R"(t) = -— Hinﬂ{cmgt + sin? £) — cm-ﬂ'{ml-flﬁ + sin® thk
= —amfj— coalfk
and note that the length of this vector s unilty. Thus, Kk = 1.

Find the are-length of the eurve £+ (i) on the interval 0 < € < 2.

SOLUTION: By now you should be getling the idea that the curve we are discussing i a civle! It hies in a plane
{why) and its mdins ie one. Thus the are-length onee around the cirele  becanse all functions defining it have period
2m must be 2w, This is the desired arc-length. Using formulas, the arc-length iz

fm'{mm:fm:ﬂﬂ-
0 1]
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For questions 9 12, consider a bead with mass m sliding on a circular wire that we will idealize to he the
circle in the rz-plane contered at the origin with radins L = 0. Ignore friction and assume that the only

force acting on the bead is the foree due to pravity, which is given by the vector —gmk. We are imagining
that the positive z-axis points up and the r-axis is parallel to the (fat) carth. Sinec the particle moves on
this circle, its position can be given by parametric equations

T = Lsin(f#(t)), z = —Leos(#(t))

for some unknown function @ whose domain and range are the real mumbers. For definiteness, assume that
[t} = 0 for every t. Let a denote the aceeleration of the particle.

Write the voctor a in the form a = apT + ayN where T and N are the unit tangent and unit normal
corresponding to the motion.

SOLUTION: In this case, we have that

Tit) = cos(B(£))j + sin(8(t)k
N(t) = —sin(8(t))]+ cos(d(t))k
alt) = (LO"(E)cos(B(E)) — LO(E)2 sin(@()))j + (LO(E) sin(B{t)) + LE°()? sin{B(t)) )k

It should be elear thal

ar{t) = alt).T(t)
= cos(B(t))(LO"(t) cos(B(t)) — L&(t)" sin((t))) + cos(B(t))( LO"(t) sin(B(t)) + L& (t)" sm(8(t)))
= L&(t),

an(t) = L&(t)%;

therefore,
a(t) = LOV{tYT(t) + LE'(t)N (1)

Determine scalars o and 3 such that —gmk — aT + FIN.

SOLUTION: Again, by taking the dot product of both zides of the equation firaf with respect o T and then with N, it
Jollows that

a = —gmk-T(f) = —gm=n(d(t)),
A = —gmk-N(t) = —gmeos(({)).

Newton's socond law tells us that ma — F, where F' is the sum of all the forces acting on the bead. There
arc some very complicated (clectrodynamic) forees that hold the bead on the wire. Let's assume that these
forces act in the normal direction only. In this case, we need only consider the tangential component of the
voctor cquation ma — F to determine the offect of gravity: mar — . Write this equation as an equation
(which iz called the equation of motion) for the unknown function 8.

The same equation iz valid in case #°(t) < 0 at some values of £; but, you are not asked to show this fact.
It wonld be very nice to find all possible functions @ that solve the equation of motion; they could be used
to prodict the possible motions of the bead. But, to determine these functions, you will have to learn more
vory heantiful mathematics that is not part of this course.

SOLUTION: Sinee mar = o and using our caleulations, we hove the equalion
m LI () = —gm=sm({#(t)),

or, belter yet, the equation
Lo (t) = —gsin(0(1)),



