MATH 2300 - Calculus II1
Fall 2008
Homework 4 - Solutions

1. Use Lagrange Multipliers to find the minimum value of f{z,y,2) = 6r— y* 472460 subject to the constraint
2 3 yﬂ + 2% = 36.
SOLUTION:

We wish to oplimize f{x, y, z) = E.'r—y2+.'1'z+ﬂﬂ aubject to the constrint gz, y, z) — +y2+32=ﬂﬁ. Firsi, we
maust sel up and solve:
Vi=AVy

(6 + z)i+ (—2y)j + vk = A[2xi + 2yj + 2zk]
Setting the ke componends egqual, we have:
b4+z=2%r, -dy=2Ay, z=2A=

From the serond equation, we have thai:

29+ 2y =0 = A+1)=0 = g=0ori=-1
Taking this in cases, if y = (), we have the remaining equations (including the constraint):

6+z=2\r, =2z, g(r,0,z)=2 +z" =36

Solving for A, we have:

.-'I.=E;T3=2£,I"nrr,z;éﬂ s WP 1224227 — 2 =6z 22
=

Substituting this inte the constrain gives ua:

Bzdz2 422 =P — 2243z 18=0 — (z+6)(z—3) =10

For the value z = —6, we have 2 = 6{—6) + (—6)* =0, and the point (0,0, —6).
For the value z = 3, we have 2 = 6(3) + (3) = 27, and the points (£3/3,0,3).

Taking the second case, if A = —1, we have the remaining equations:
E+z=-—2¢ z=-2=z 4y +z1=36
E+z=-2(-2z) = z=2 z=—4
For this case, we have (—4)2 + 12 + 22 =36, == y=+4, and the poinis (—4,+4.2).
Finally, testing the function [ af each point gives ua:
£i(0,0, —6) = 60
F(3V3,0,3) = 60 4+ 27v3 =~ 106.8
f(3+v3,0,3) = 60 — 27v3 =~ 1323
fil—4,+4,2) =12

Therefore, the minimum value is 12, which cccurs af the two peints (—4, +4, 2).



2. Find the radins of the base and the height of the right cireular cylinder of larmest volume that can be incribed
in a sphere of radins a.

SOLUTION:

Let the radius of the buse of the cylinder be r and ils height be b, Also, let's tmagine the central ariz of the eylinder
is on the z-avie. [y drawing a picture and using the equation of the sphere (22 4 42 4 22 = 1), il is easy lo ser
that we must have hﬂl.l'-!i 4+ = a? (for example, in the yz-plane the top of the cylinder intersecis the sphere al the
point [z, u,z) = (0,r, /2] ). The volume of the cylinder iz V' = mreh. After substitution, we can write the volume
az ¥V = n‘hl{uﬁ— hgl,-‘dj- We have that dV/dh = ‘II'{EIE - ﬂhzl.l'd:l. The eritical point i b = Eul.l'u"ﬁ It follows that the
dimenatons ﬂfﬂﬂﬂgﬁﬂﬂﬂiﬂ:Mﬂﬂiﬂ:ﬂﬂMﬂ:ﬂﬂfﬂ and r = a2 /1.
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3. Evaluate f’Af r? sin(ry)dydr.
1 Jo

SOLUTION:

[ fD;F x* sin(zy)dydr = j:l e (@) ‘:fd: . jl‘z —x[eos{r) — cos(0)]dr = f{ﬂ:]d:-.- s i
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4. Find the integral of the function f(r,y, 2) = zy2 over the set {(z,9,2) ;2 >0,y >0,z 4y < 1,0 <z < 1}
SOLUTION:
The region iz cylinder over a triangular baze. One way to sel up the mitegration iz the friple mtegral
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Evaluate f ydA, where R is the region in the ry-plane bounded by = = ¢* and » = 2y — 2.
it

SOLUTION:
The poinis of ntersection of the e curves are oblained by sofvring the equalions stmullancously as followa:

r=y =dy-y = ' -y=2y(y-1)=0

Thus, the points of mtersection are ((L,0), and (1,1). We also notice (perhaps by drowing a picture) thal on the region
af intereat y= < 2y — y2. Using these facts the sctup and evaluation of the integral are oasy:

fJ{tydﬂ=f“1E_Hgydey=Jﬁtry‘:_ugdy=‘/‘“1y{2y_yﬂ_yﬂjdﬂ
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6. Evaluate the int.q:;m]f f Iﬂ:_'"i"’d:dy_
o Jo

SOLUTION:
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The easy way Lo evaluate the integral iz to interchange the ovder of integralion and procecd az folloms:

[([ e ayar = [ n*ie
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Use polar coordinates to find the volume of the solid bounded below by the paraboloid z = 32* 4 3y® and
ahove by the cone = = 672 | o2

SOLUTION:

The projection R of the solid reqion between the cone and the paraboloid onto the ry-plane iz a disk. To find the mdinus
of the bounding disk, we find the intersection of the two surfaces.

=3 p W =y — W =6 — =02

Therefore, we ran coalnate a double integral in polar coordinates to find the volume using:

!rj:{tzw—Em]drl=j:xf{ﬁr—ﬂri]rdrdﬁ'=j;x (Eru’—%r‘) :Id.ﬂ:fnh.id,g:ﬁr

Find the mass of the lamina bounded by the curves y = 9 — %, y = ¢ and = = 0, in the first quadrant, if
the density is given by p(x, y) = i—:::-

SOLUTION:
The mass of the laming iz found through the double integral below, which we sel up I polar coordinates:
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Determine the rerion [T in space such that the triple intepral

ijff;i{l — 10z% — 5¢* — 2)dV

takes on its maximum value. Hint: This is a thought question. No computation is necrssary.

SOLUTION: The integrand is positive on the region bounded by the ellipacid 1022 — 5y? — 22 = 1, zero on the ellipsoid,
and negalive oulside this ellipsoid. So, the macmum poszible value of the integral occnrs for B ogual Lo the region
bounded by this cllipaoid.

Set up the intesral fff flz,y, z2)dV where DD is the first-octant portion of the solid bounded by the cone
)

2 = 4% + 22 (x = 0), and the planc = = 2.



