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MATH 2300 - Calculus 111
Fall 2008
Homework 6 - DUE Wednesday 19 November

Find the work done as a particle moves along the curve © = eost, ¥ = sint from (z,y) = (1,0) to (z,y) =
(—1,0) in the foree ficld F given by

Fir,y) = (2ze™sinr + r2e¥cosr + yr? sinwe™)i + w30 ¥ sin j.

. Suppose that T is a positive number, [ and g have contimmons partial derivatives and € is a curve in the

planc given by r{t) = (x(t), y(t)) for 0 <t < T such that ='(t) = f(x(t), y(t)) and y'{t) = g{z(t), u(t)).
(a) Show that
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(b) Suppose that H is the veetor ficld in the plane given by Hiz, y) = f{z, 9} + g{z,v)j, € (the curve with
the propertics given in Part (a)) is a simple closed curve, and 2 is the plane region bounded by . Show

that
f div HdA = (.
0l

(¢) For the case where f{z,y) = #* — y and g{z, ) = ¢ + =, show that no such simple closed curve C cannot
eXIist.

. Suppose that § is A complex valued function of two variables; that is, f{r,v) = u(r,y) + iv(z, y) where

i == +/—1. For a simple closed curve O in the plane, define

II_}J'r:l'.z:. j;{u b iv){dr 4 idy) j;{ud:r v dy) 4.1'j;1_1d1, b udy.
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(You can think of z — r 4 iy and dz — dr + idy to see where the formula comes from.) Suppose that the
two functions u and v have continuous partial derivatives and the Cauchy-Riemann relations wr — vy and
Uy = —1iy hold among the partial derivatives of u and v. Prove (the special case of ) Cauchy’s theorem:

fdz =0.
[

. Use Green’s theorem to find the area of the limagon given by r(t) = {2cost —cos2t, 28int —sin2t), 0 < ¢ < 2w,

Suppose that v and w are differentiable vector functions of time.
() Show that

i d
E{v-w} -mv-w+v-aw.
Hint: Write the vector functions in components and use the product mle of differentiation.
(b) Show that
d i} i}
E{vxw] E'ar:-cmrv:-:aw_



6. Suppose that F is a differentiable scalar function of a scalar variable and r is the position vector r =

1101

Ti + yj + zk. Show that V(F(r -r)) = F'(r - r)2r.

By Newton's 2nd Law, the equation of motion of a particle of mass m moving in the plane under the influence

of a potential 7 = U{r) (which is a scalar valued function of the vector variable r) can be written in the

form 2
i“r

TH-E = —"E’U{r]-,

where the pogition of the particle is r .

(a) The total energy of the particle (the sum of its kinetic and potential energies) is K = (v - v) + Ulr)

where v is the velocity of the particle. Show that dE/di — (0; that is, cnergy is conserved as the particle

IMOVES.

(b) The angular momentum of the particle is A — r x mv. Suppose the potential 7 is circularly symmetrie;

that is, U({r) = F(r - r), where F is some scalar function of a scalar variable. Show that the angular

momentum is conserved.

(¢} The gravitational potential is GM/|r|. Is the angular momentum conserved for a particle moving in a
gravitational ficld? (Explain.)

lecall Laplace's equation V3 — u . 4 Uy + Uz = 0. For which value(s) of a does the function u given by

1
(22 4 32 4 22)°

u(r,y,z) =

satisfy Laplace’s cquation?

. Compute the line integral of the vector field F given by

F — e =00 (4% _ 2(zt ¢ y")ry?)i + 07 (4 — 22t 4 y*)22y)i

around the enrve O given by 2(t) = 3eost and y(t) = 2sint for 0 < < 27,

(a) Suppose that (T, ) and (T2,y:) are points in the plane and C is the line segment from (xz),1) to
(T2, y2). Show that
j; rdy — ydr = 7,42 — Ta.
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(b) Suppose that (z,,1), (T2,¥3), - - -, (Tn. Ua) are the vertices of a polygon given in counterclockwise order.
Show that the arca of the polymon is

%[{mm — a1 ) + (Tays — Tala) + - - - + (Tulh — T1l))-

(¢} Check that the formula is true for all rectangles.



