CSCI 570 Homework 3

Due Sunday Mar. 08 (by 23:30)

IFor all divide-and-conguer alporithms follow thoese stoepes:
l. Deseribse the steps of your alporithm in plain English.

2. Write a recurrence oguation for the runtime complexity.

3. Solvwe the coguation by the master thoorem.

For all dypamic programming algonthms follow thoese stepes:
1. Define (in plain English) subproblems to be solved.
2. Write the recurrence relation for subproblems.

3. Wnte pseuwdo-eode to compute the optimal value

4. Compute 1ts rmntimecomplexity in terms of the inpot s,



l. Supposc woe dehne a new kind of directed graph in which posative weights are
assiprmed to the vertices bt not to the odees. If the lenpgth of & path s debined
bw the total weipht of all nodes on the path, deseribe an algorithm that fnds

the shortest path betwoern two given points A and B within thos graph.

Solut on:

We have to reduce & vertex woeighted praph G into an edpe woeightod graph G
Create a new praph (G as follows. Split cach vertex v in G into two vertices
vin and vout, with an edge weight between them egquals to the vertex weight
m Gl. And the onginal edees from G have weiphts as 0 m Gl Edees coming
ta v in (G will come to vin 1 Gl. Edees leaving v i G will leave vout in G
Run Dijkstra’s alporithm. In the shortest path tree T for G, an edge between
vin amd vout means that vertex v 15 1o the shortest path tree T for (G, Collagese
all such edges (vin, vout) in T1 by merging vin and vout. This will ereate the
shortest path tree T.

Rubric: (10 points)

e (10 puints) The algorithm is stated clearly. And the algorithm is correct.

2. For each of the following recurrenoecs, give an expression for the runtime T(n)
if the recurrence can be solved with the Master Theorem. (Mherwise, indieate

that the Master Thoeorem doos not apply.
e T(n) =37 (n/2) | n°
o T(n) =4T(n/2) | n*
o T(n) =T(nf2) | 2"
o T(n) =2"T(n/2) | n"
s T(n) = 16T(nf4) | n
s T(n) =27 (n/2) | nlogn
e T(n) =27 (nuf4) | o
o T(n) =057 (n/2) | I/n
o T(n) = 16T (n/4) | n!
s T(n) = 10T{n/3) | n*

Solut on:

e T(n) =3T(n/2) | n* case 3 T(n) = (n")



T(n) =4T(n/2) | n*  case 2: Tn) = (n’logn)

T(n) =T{nf2) + 2* — casm: 3: T(n) = (2")

T{n) =2°T(n/2) | n®  Docs not apply, a is not constant
Ti{n) = 16T (nf4) I n  case 1: Tin) = B(n")

T(n) = 2T (n/2) | ndogn  case 2: T'(n) = G{nlog™n)
T{n) = 2T (n/4) | n">! cas: 3: T(n) = S(n"51)

T{n) =05T(n/2) | I/n  Docs not apply (o < 1)

T{n) = 16T (nf4) | nl.  ease 3: Tn) = B(nl)

T{n) = 10T (n/3) | n’. casce 1: T'{n) = H{n"’g’]"]

Rubric: (10 points)

e (10 points) 1 point for cach item. One for getting the case right and one
for the runtime fjustification of case

3. Suppose that we are given a sorted array of distinet integers A[lL . n] and we

want to decde whether there 5 an mdex 1 for wwhich ..'1[:5] — 2. I=ribe an

chhoent divide-and-conguer algorithm that solves thas problem and explan the
time complexity.

Solut pon:

If the array has just one integer, then we choeck whether A[l] = 1 with one
comparison.  (Mherwise divide the list into two parts, the best half and the
second half, as oqually as possible. Consider the largest clement Afm] of the
left half. We conpare Afm| with m. If Afn] = m, the answer s yes and we
are done. If Afm] > m, then we can throw away the right half and continue
recursively in the left half, Indesd, then for every integer & > () wsang the fact
that the integers ane distinet and sorted, Afm | k] > Ajm] | k> m | k. If
Afmn] < m, then we can throw away the left half and continue recursively in the
right half. Indeed, then for every integer € > 0 wang the fact that the imtegers
are distinet and sorted Afm k] < Afm] k< m k. Thus for the number of
comparisons we get the following reeursion, T(n) = T(n/2) | (1), T(1) = ({1).
According to Master Theorem, the time complexity is G({logn).



