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Abstract

We propose a novel approach for solving the per-
ceptual grouping problem in wvision. Hather than fo-
cusing on local features and their consistencies in the
image data, our approach aims ot extracting the globel
impression of an tmage.  We freal smoge segmenla-
tiont as a graph partitioning problem and propose «
novel global criterion, the normalized cut, for segment-
ing the graph. The normalized cut criferion measures
both the total dissimslarily between the different groups
as well ag the total simdarity within the groups. We
show that an efficient computational lechnigue based
on ¢ generalized cigenvalue problem can be used Lo op-
Limaze Hhas erilerion. We lave applied this approach
to segmeniing static images and found resulis very en-
COUTRgInGg.

1 Introduction

Nearly 75 years ago, Wertheimer[17| launched the
Gestalt approach which laid oul the importance of
perceptual grouping and organization 1m visual per-
ception. For our purposes, the problem of grouping
can be well motivated by considering the set of points
shown 1n the ﬁ%ur-e (1).

Typically a human observer will perceive four ob-
jects in the image—a circular ring with a cloud of points
inside it, and two loosely connected clumps of pomnts
on its right. However this is not the unique parti-
tioning of the scene. Ome can argue that there are
three objecta—the two clumps on t%l-E right constitute
one dumbbell shaped object. Or there are only two
objects, a dumb bell shaped ohject on the right, and
a circular galaxy like structure on the lefi. If one were
perverse, one could argue that in fact every point was
a distinct object.

This may seem to be an artificial example, but ev
ery attempt at image segmentation ultimately has Lo
confront a similar question there are many possible
partittons of the domain D of an image into subsets
D; (including the extreme one of every pixel being a
separate entity). How do we pick the “right” one? We
believe the Bayesian view is appropriate— one wants to
find the most probable interpretation in the context of
prior world knowledge., The difficulty, of course, is in
specifving the prior world knowl me of it is low
level such as coherence of brightness, eolar, texture, or
motion, but equally important is mid- or high- level
ll:lnm-.rledge about symmetries of objects or object mod-
ESES .
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Figure 1 How many groups?

This sugeeste to us that image segmentation based
on low level cues can not and should not aim to pro-
duce a complete final “correct” segmentation. The
objective should insiead be to wse the low-level coher-
ence of brightness, color, texture or motion ativibutes
to sequeniially come up with candidate partitions. Mid
and high level knowledge can be used to either con-
firm these grovps or select some for further attention.
'I'hig attention could result in further repartitioning or
agrouping. The key point is that image partitioning is
to be done from the ig picture downwards, rather like
a painter first marking out the major areas and then
filling in the details.

Prior literature on the related problems of cluster-
ing, grouping and image segmentation 15 huge, The
clustering community[4] has offered us agglomerative
and divisive algonthms; in image segmentation we
nave region-based merge and split algorithms. The
hierarchical! divisive approach that we are advocat-
ing produces a tree, the dendrogram. While most of
these ideas go back to the TDs (and eatlier), the 1980s
brought in the use of Markov Random Fields|7] and
variational formulations|[13, 2, 11}, The MRF and vari-
ational formulations also exposed two basic questions
{1} What is the criterion that one wants to optimize?
and (2) Is there an effictent algorithm for carrying out
the optimization? Many an atltractive criterion has
been doorned by the inability to find an effective algo-
rithm to find its minimum-greedy or gradient descent
type approaches fail to find global optima for these
high dimensional, nonlinear problems.

Our approach 15 most related to the graph theo-
retic formulation of grouping, The set of points in an
arbitrary feature space are represented as a weighted
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undirected graph G = (V, E), where the nodes of the
graph are the points in the feature space, and an edge
i formed between every pair of nodes. The weight
on each edge, w(z,7), iz a function of the similarity
between nodes ¢ and j.

In grouping, we seek to partition the set of vertices
into disjoint sets Vi, Vi, ..., ¥V, where by some mea-
sure the similarity among the vertices in a set V; is
high and across different sets V; 'V is low.

To partition a graph, we need to also ask the fol-
lowing questions:

I. What is the precise criterion for a good partition?

2. How can such a partition be computed efficiently?
In the image segmentation and data clustering com-
munity, there has been much previous work using
variations of the minimal spanning tree or limited
neighborhood set approaches. Although those use offi-
cient computational methods, the segmentation crite-
ria used in most of them are based on local properties
of the graph. Because perceptual grouping i= about
extracting the global impressions of a scene, as we saw
carlier, this partitioning criterion often falls short of
this main goal.

In this paper we propose a new graph-theoretic
criterion for measuring the goodness of an image
partition— the normalized cut, We introduce and jus-
tify this criterion in section 2. The minimization of
this criterion can be formulated as a generalized eigen-
value problem; the eigenvectors of this problem can be
used to construct good partitions of the image and the
process can be continued recursively as desired|section
3). In section 4 we show experimental results. The
formulation and minimization of the normalized cut
criterion draws on a body of results, theoretical and
practical, from the numerical analysis and theoretical
computer science communities—section § discusses pre-
vious work on the spectral partitioning problem. We
conclude in section 6,

2 Grouping as graph partitioning

A graph G = (V,E} can be partitioned into two
disjoint, sets, A, B, AUR =V, AN B =0, by simply
removing edges connecting the two parts, The de-
gree of dissimilarity between these two pileces can be
computed as total weight of the edges that have been
removed. In graph theoretic language, 1t 1s called the

el
cut{ A, B) = E wiu, v). (1)

ugAveEl

The optimal bi-partitioning of a graph 1s the one that

minimizes Lhis cul value, Although there are exponen
tial number of such parctitions, linding the minimum
cut of a graph 15 a well studied problem, and there
exial efficient algorithms for solving 1,

Wu and Leahy[18] proposed a clustering methaod
based on this minimum cut criterion. In particular,
they scek to partition a graph into k-subgraphs, such
that the maximum cut across the subgroups is mini-
mized. This problem can be efficiently solved by re-
cursively finding the minimum cuts that bisect the ex-
1sting segments, As shown in Wu & Leahy’s work, this

Figure 2: A case where minimum cut gives a bad par-
titiomn.

globally optimal criterion can be used to produce good
segmentation on some of the images.

However, as Wu and Leahy also noticed in their
waork, the minimum cut criteria favors cutting small
sets of isolated nodes in the graph. This is not surpris-
ing since the cut defined in (1) increases with the num-
ber of edges going across the two partitioned parts.
Figure (2) illustrates one such case. Assuming the
edge weights are inversely proportional to the distance
between the two nodes, we see the cut that partitions
out node n; or ne will have a very small value. In
fact, any cut that partitions outl individual nodes on
the right half will have smaller cut value than the cut
that partitions the nodes into the left and right halves.

To avoid this unnatural bias for partitioning out
small sets of points, we propose a new measure of dis-
association between two groups. Instead of looking
at the value of total edge weight connecting the two
partitions, our measure computes the cut cost as a
fraction of the total edge connections to all the nodes

in the graph. We call this disassociation measure the
normalized cut [ Neut):

_ cut(A, B) cut(A, B)
Neut(A, B) = asso A, V') u.uu{E, ¥ (2)
where asso{A, V) = 3 04 win,t) is the total

connection from nodes in A to all nodes in the graph,
and asso( B, V) is similarly defined. With this defini-
tion of the disassociation between the groups, the cut
that partitions out small isolated points will no longer
have small Neut value, since the cut value will almost
certainly be a large percentage of the total connection
[rom that small set to all {:*-%u‘-l: nodes. In the case il-
lustrated in figure 2, we see that the euty value across
node ny will be IED'}’%} of the total connection from that
node.

In the same spirit, we can define a measure for to-
tal normalized association within groups for a given
parfifion:

assol A, A)
aasol A, V)

asso( B, B)

Nasao(A,B) = assol B, V)

(3)

where asso{ A, A) and ussa%ﬂ,ﬂj are total weights of
edges connecting nodes within A and B respectively.
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We see again this 18 an unbiased measure, which re-
flects how t.iﬁhﬂ}’ on average nodes within the group
are connected to each other.

Another important property of this defimition of as-

sociation and disassoctation of a partition 15 that they
are naturally related:

cut( A, B) cut{ A, B}
aszo{ A, V) asse B, V)
aszo| A, V) — assol A, A)
azsofA, V)
assol B, V) = asso( B, B)
azsol B, V)
- assolA, A)  asso( D, B)
e [usm[A, V) asso{B, V}]
= 2— Nasso{A, 0)

Hence the two partition criteria that we sesk in
our grouping algorithm, minimizing the disassociation
between the groups and maximizing the association
within the group, are in fact identical, and can be sat-
ified simultancously, In our algorithm, we will ose
this normalized cut as the partition criterion.

Having defined the graph partition criterion that we
want to optimize, we will show how such an oplimal
partition can be computed efficiently.

2.1 Computing the optimal partition
(ziven a parbition of nodes of a graph, ¥V, into two
sets A and B, let & be an N = |V| dimensional indica-
tor vector, £; = | ifnode ¢ isin A, and —1 otherwise.
Let d(i) = 3, w(i,j), be the total connection from

node i to all other nodes. With the delimitions ® and
d we can rewrite Newt(A, H) as:

cut{A, i¥) cut{ i, A)
asso(A, V)  asso(B, V)
;{#1}{#,:1:_,::11] —Wij i &y
Yo ds
_ Elfiﬂ. <0, ;50) ~WijTiTj
Em,-,—:u"f;'

Let 1Y be an NV = N diagonal matrix with o on its
diagonal, W be an N x N symmetrical matrix with

e,
W{ij) = wy;, k= Ei 2 — and 1 be an N x 1 vector

of all ones. Using the fact 2T and 15T are indicator

vectors for ; > 0 and x; < 0 respectively, we can
rewrite 4[N eul{z)] as:

- 14+ T D-Wii+x) , (2-2)77(D-Wiji-=

= kiDL (1—k)2T D1

[IT{DHW};H-'-IT?D-W!!E (1 =227 (D - Wi
ki1=k)1T 1)1 + k(1-E11T 1k

Let afx) = 27 (D — W)z, f{z) =17 (D - W=, v =

1D — Wi, and M = 17D1, we can then further
expand the above equation as:

Neut( A, B) =

Neut(A B) =

_|.

l

() + 7] +2(1 — 2k) (=)

k(1 — k)M
(o) + 1) +2(1 = 2k)3(=)  2{a(z] + 1)
k(1 — k)M M
2a(z) 2y
M M

dropping the last constant term, which in this case
equals [}, we get

(1 2k + 20%)(a(e) + ) +2(1 - 2k)8(e) | 2a(x)

k(I — k)M M
— 3 : .\.‘-I
At o) +9) + (=) 20(x)
= ' Jz M
I M i

Letting & = ﬁ, and since v = 0, it becomes,

(1+b%)(alz) +4) +2(1 - D)B(=) 2ba(z)
bA b
(1+ b)) alz)+7) . 2(1 — b*)8(=) N 2ba(z)  2by
bM b bM bM
(14657 (D - W)z +1T(D - W)
| WDy
L Phatin - W
b7 D2
2bx” (D — Wiz 2017 (D - W)
b17D1 b1l Dha
|:1 + I]T{D —~ W}{l + =)
T Dy
{ b {r=z)' (D —W])(1 -z

Il

Setting = (v +®) — b1 —x), it 15 easy to see that

y' Di=) di—bY di=0 (4)

T, L]

Z: w0 d,

since b = T = —E:J-;E, an

v Dy= ¥ Lo+ od
— bEr.{t’ldi +'bj Eri-ﬁﬂ-d‘ﬁ

= Y pcodi b3 codi)
= b D
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