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Inference for a single proportion

Suppose we want to estimate the proportion p of
some characteristic of a population, and we
undertake the following procedure:

1. Draw an SRS of s1ze n

2. Record the pumber X of “seccesses” (those
midividuals having the charactenstic).
I What 15 the distnbution of X7

X ~ [}{n,p). Recall that the equation for
bimomal probabilities =

P(X = k) = (::)pl'{l _ pynt
with X | = np and standard deviation

SD(X) = y/np(1 —p),

Introduction to Inference for Proportions

The data for many statistical stodees are not

measurements but are counts.

Example: A simple random sample of 267
collepe women aged 18 to 25 15 chosen for a study
of unhealthy eating behavior of collepe women.
184 mdividuals, or 689 percent of the sample,
reported that they were on a diet sometime
during the past year.

We will focus on procedures for statistical

mference when the parameters that we want to do
mference about are population proportions.

In the previows example, we are mterested m the
proportion of collepe women (the population) that

were on a diet sometime during the past year.
The sample of 267 15 wsed to draw mference about

the entire population.

l. From Chapter 5, we know that for large enough
n, the Binomial distribution is very well
approximated by the Normal distribution: X is

approximately N [u: =np,dx = /np(l —m]-

2. What about f = £ (the sample proportion of
“successes” )T s approximately

N (I-Fx =p,0x = ﬁ,-'lrﬂl:’])

4. The above normal approximations can be used
when n is sufflciently large — e, if
np > 10 and n(l — p) > 10

4. f is an unbiased estimate of the unknown true
population proportion p

An approximate (1 — o) Cl for the population
proportion p is given by
- (Bl —P)
NN
ptz -

where =¥ i5 chosen so that P{Z > z") = a/2 for
& N(D, 1)
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What if we want to test whether p = my for some
fixed value po?

The null hypothesis 1= p = py, and under this
hypot heses,

Z= < N(0,1)

P — Py
E[I_Et
n

MNotice that we are using a different value for the

SD of p than was used for the CL. Smee Hy
specifies a true value for p, the SI) of p under Ho

5 mven by
(1 — po)
/]

The p-values for this test are:
s Hy:p>m PlZ2>z)
a H,o-p<m P(£ < z)
s Ho:p#m  2P(Z = |z])
for £ ~ N(D,1).

1. The larpe-sample & agmficance test for a
population proportion 15 recommended as

long as the expected number of succosses and
falures under the null hypothess, npg and

n{l — py), respectively, are both greater than
10.

2. Note that the standard error used for the
confidence mterval 15 estimated from the
avallable dats, whereas the denominator n
the = statistic for a sipnificance test uses the
value piven by the null hypothesis, As a
results, the correspondence between the
sipmificance test and the confidence mterval 1=
no longer exact (but it 1= still very close).

3. Confidence mtervals are more iformative
than sypmificance tests i the context of
mference for a single proportion. Confidence
mtervals allow us to determine values of p
that are consistent with the observed resalts.

Example

It 15 hebeved that less than half of Califormia
lawers fecl that the ethical standards of most
lawyers are lngh. A random sample of 2700

Califforma lawyers revealed only 1107 who felt
that the ethical standards of most lawyers are

high. (AP, Nov. 12, 199§).

1. Does this provide strong evidence for
concluding that fewer than 50% of all
Califormia lawyers feel this way?

2. Whast = & 9% confidence mterval for the troe
proportion of Cahforma lawyers who feel that
ethical standards are high?

Wilson's Estimate for the Population
Proportion

What 1if we observed no success among n trials?
Then,
=10 SE(f) =0

That =, we are cerfain that p = 0, which 1
mplansible. (It & always possible that p = 0, but
we just happened not to observe any suceosses_)

When p 15 close to 0 and 1, the confidence mterval
based on § 15 not quite acenrate. Edwm Didwell
Wilson (1927) sugpested the following
admstment, known a: Wilson's estimate

_ X412

o+ 4

where X 12 the number of suceesses among n
trials. We simply add two “phantom” successes
and two “phantom”™ faillures to the data.

The approxcimate distribution of p s

ﬁa—l-N(p, p'[l_"]')

nt+d



Cls Using Wilson's Estimate

An approcamate (1 — a) Cl for the population
proportion p s gven by
- (1 — 7)
'.I.‘ - I'J"::
pre=s n+4
where z* & chosen such that P{Z < z%) = n/f1.

Example {cont.)
Suppose only 13 of the lawyers in our axample
believed that ethical standards are high. Then,
13
P= 500
and a Q0E, CI for p is given by

= 0.00438

0.0D48( 1 — 00048
00048 + I.EJE‘J l:m ) = (0.002G, 0.0070)
Using Wilson's estimate,
13+ 2
= ———— = 0LDDLS
F= 2v00+4
and a 0% CI for p is given by
0.0055( 1 — 0.00%5)
KK | —
00055 + I.-E-hv'{ 2700 + 4 = (0.2, 0.0079)
o
Example

A 1993 survey reported that 72.1% of freshmen
responding to a national survey were attending

the college of therr first choice. Suppose that
1 = S0 students responded to the survey.

Find a 95% CI for the proportion g of collepe
freshmen attending their first choice college.

What if we wanted & margin to know the
proportion within 1% {Le. +0.01) with 95%

confidence? How many people should we
interview?
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Choosing an Appropriate Sample Size

Suppose we want a certam mangn of error m for
a (1 — a) Cl. What sample size should we we? If
we knew p, we could solve for i in the margin of
error formula, and pet

n = (f—n')gﬂ-[l —p)

Of course, we don't know p o and we can’t even
estimate 1t, becanse we haven't collected the data
vet! What to do?

& Make a puess p°. If the gouess 15 pood, the

margin of error will be close to what we want.

# [e comservative: choose p®* = (L5, Thas wall
vield the larpest n of any p®.
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Comparing two proportions

Suppose we have two populations A and I with
unknown proportions i and ps respectively. A
SHS of s1ze iy from A vields §y, and an
mmdependent SRS of 513 ng from 7 vields g
Then,

(1 —pa) ~ N (F'I — pa, \/Pt[l — ) " p2(l — m}]

il | T4

when ny and ng are larpe.

An approxamate 95% CI for py — ps 15 then grven
by

I::ﬁ‘l_ﬁﬂ]"-l-'l-gﬁ P1E1_p'::| _I_PT[I_P"I}
T na
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