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Many of the classical machine learning alporithms that we talked about during the first
half of this course fit the following pattern: given a training set of iid. examples sampled
from some unknown distribution.

1. solve a convex optimization problem in order to identify the single “best fit"™ model for
the data, and

2. use this estimated model to make “best guess” predictions for future test input points.

In these notes, we will talk about a different Havor of learning algorithms, known as
Bayesian methods. Unlike classical learning algorithm, Bayesian algorithms do not at-
tempt to identify “best-fit” models of the data (or similarly, make “best puess” predictions
for new test inputs). Instead, they compute a posterior distribution over models (or similarly,
compute posterior predictive distributions for new test inputs). These distributions provide
a uscful way to quantify our uncertainty in model estimates, and to exploit our knowledge
of this uncertainty in order to make more robust predictions on new test points.

We focus on regression problems, where the goal 15 to learn a mapping from some input
space X = R™ of n-dimensional vectors to an output space V' = R of real-valued targets.
In particular, we will talk about a kernel-based fully Bayesian regression algorithm, known
as Gaussian process regression. The material covered in these notes draws heavily on many

different topics that we diseussed previously in class (namely, the probabilistic interpretation
of linear regression' | Bayesian methods? | kernels®, and properties of multivariate Gaussians?).

The organization of these notes is as follows. In Section 1, we provide a brief review
of multivariate Gaussian distributions and their properties. In Section 2, we briefly review
Bayesian methods in the context of probabilistic linear regression. The central ideas under-
lving Gaussian processes are presented in Section 3, and we derive the full Gawssian process
regression model in Section 4.
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1 Multivariate (Gaussians

A vector-valued random variable # € R™ 18 said to have a multivariate normal (or
Gaussian) distribution with mean g € R" and covariancee matrix ¥ € 87 | if
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We write this as = ~ N (p, ¥). Here, recall from the seetion notes on linear algebra that ST
refers to the space of symmetric positive definite n x n matrices.®

Generally speaking, Gaussian random varables are extremely useful in machine learning
and statistics for two main reasons. First, they are extremely common when modeling “noise”
in statistical algorithms. Quite often, noise can be considered to be the accumulation of a
large number of small independent random perturbations affecting the measurement process;
by the Central Limit Theorem, summations of independent random variables will tend to
“look Gaussian.” Second, Gaussian random variables are convenient for many analytical
manipulations, because many of the integrals involving Ganssian distributions that arise in
practice have simple closed form solutions. In the remainder of this section, we will review
a number of useful properties of multivariate Gaussians.

Consider a random vector = € R™ with = ~ A{p, ). Suppose also that the variables in ¢

have been partitioned into two sets 14 = [z -+ 7|7 € RT and =5 = IErs1 -~ Tl € R T
{and similarly for g and Y}, such that
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Here, ¥ = Xh, since X = E[(z — p)(z — p)7] = BT, The following properties hold:

1. Normalization. The density function normalizes, 1.0,

fjr:[T;_ p, Bldr = 1.

This property, though scemingly trivial at first glance, turns out to be immensely
useful for evaluating all sorts of integrals, even ones which appear to have no relation
to probability distributions at all (see Appendix A1)!

2. Marginalization. The marginal densities,
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i There are actually cases in which we would want to deal with multivariate Ganssian distributions where
¥ positive semidefinite but not positive defimite (Le., ¥ 15 not full rank). In such cases, ¥ ! does not exist,
s0 the definition of the Ganssian density grven mm (1) doss not apply. For instance, see the course lecture
notes on “Factor Analysis”



are (Tanssian:
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3. Conditioning. The conditional densities
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are also Ganssian:
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A proof of this property is given in Appendix A.2. (See also Appendix A3 for an easier
version of the derivation.)

4. Summation. The sum of independent Gaussian random variables (with the same
dimensionality ), i ~ N (g, X)) and z ~ A (g, X, 15 also Gaussian:

y+z~Np+p L+ 5

2 Bayesian linear regression

Let § = {(=%, y@)}m  be a training set of i.i.d. examples from some unknown distribution.
The standard probabilistic interpretation of linear regression states that

y'd = gT D 4 D i=1,....m
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where the =8 are 14.d. “nose” variables with independent A0, 02) distributions. [t follows
that y™® — 870 ~ N(0, &?), or equivalently,
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For notational convenience, we define
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