Lecture on Logic and Proofs
Bulding blocks of loee: propositions: a ~ 15 a declarative sentence that s either true or false,
but not both.
Examples: These are proposttions:
1. September 9, 2000 15 Wednesday.
2. September 9, 2000 15 Priday.
3. Today 13 Wendesday.

L " 41lma prime.
These are not propositions.

1. Don’t sleep in my class.
2. What time is it?
3. What a nice day!
. r41=2
Basic propositions: p, g, 7.
From old to new: they are defined by the truth table.
1. Negation —q.
2. Conjuction p and og: p A .
3. Disjunction p or g: pVq. (inclusive or)
4. Implication p — gz If p, then q.

Biconditional statement p 3+ g p 1if and only if g.

=

Ome can write truth table for any proposition. The truth walue of 2 proposition only depends
on the value of its proimitives, oot the exact content.

Order of logical operations: Negation first, A and v before implications. (...) always fimst.

Example 1. Truth table for g A (- = p).

Solufron. T only then
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Example 2. 1. Truth table forp — g and —p V q.
2. Truth table for p A —p.



3. Truth table for p — (pVq)

Theorem 1. p 2 g = pVa

Tautology Ty a compound proposition that s always true no matter what the truth waloes
of its primitives.

Contradiction My a compound proposition that s always false no matter what the troth
values of its primitives,

Dwfinition 1. Two propostitons p and g are called logieally equevalent if p < g 15 o toutology.
(Easy) logical equivalences. (To prove, use truth table.)

1. Double negative law. —{-p) = p.

2. Commutative laws. pVg=gVp and pAg=g i

3. Associative laws. (pVg)Vr=pV(gVvr),and (pAg)Ar=pA(gAr).
4. ldempotent laws. pVp=pand pAp=p.

3. ldemtity laws. p ATy =p, and pv IH = p

6. Domination laws. pV T, = T and p A Iy = .

7. Negation laws. PV -p =T, and p A —-p = Iy
The lesmi-obvious ones Those involving two different operations.

1. De Morgan's laws. —{pAg) = —-pV g, and ~{pVg) = -pA—q. (Check the fisst one by truth
table)

2. Distributive laws. pA(gVr)=(pAg)VipAr),and pVigAr)=(pVg)AlpVvr).
3. Alsorption laws. pA(pVg)=p,and pV (pAg) =p.

Example 3. Negate and simphfy the proposibun p — g

Selution. Negation: —(p — g).
Simplification: —{p 2 gq) = ~[-pVyg) =[Pl A g=pA .



Example 4. Negate and simphfy the proposition (pAg) — 1.
Solutron.

~(prg)or) =-(~prq)vr)
=[=[pAg)A T
=(pAg) A -

Example: If n s an integer and Jn + 2 15 odd, then n 15 odd.

Negation is stated as: nois an integer and 3n 4+ 2 s odd, and n s not odd. (Note that it s not
an implication!)

Implication p — g. Then
COTVErsE: § — I
Inverse: —p — g
Contrapositive: £ g — .

Theorem 2. p =g = —q — —p.

Prove by Theorem 1.

(Optional):

Theorem 3 (The Principle of duality). If s and ¢ are propositions contatning no connectives other
than A, V and —. Then s = ¢ iff 2 = 194 where 52 is pbiatned from s by eschangng A wnth WV, and
Ty unth Fy.



