MATH 285 E1/F1 GRADED HOMEWORK SET 7
DUE MONDAY DECEMBER B IN LECTURE

This time, the homework has just one part. Please staple yvour home-
work together, and put your name and section on it. Thank youw!

(1) (15 points) Find the solution of following wave problem for vibrations
in a string of length 10 (corresponding to a struck string).

[ Pu __ 1piPu
o = 1657
w(0,£) — 0
Lu(10,6) =0
u(x,0) =0
i —
|t (%,0) = z(10 — z)

Although this problem was essentially done in lecture for general
initial conditions, we will recall the solution. The separable solha-
tions u(x,t) — X(x)T(t) of the wave equation and the boundary
conditions satisfy

d- X

F’rlx—ﬂz I[ﬂ]—ﬂ, X(10) =10
T .
T f AT =0

We recognize the conditions on X as an eigenvalue problem, with

cigenvalues An — (nw/10)* and cigenfunctions Xy(z) — sin(nrz,/10)
where n — 1,2, 3, ... ranges over the positive integers. The corre-
sponding T, solves

d*T,,
dt?

b et (na/10)°T, — 0
whence
Ta(t) — Ap cos{enat/10) + By, sin{cnrt /10)
The separable solutions are
tn(x,t) — [A, cos(ennt/10) + B, sin(enat /10)] sin{nrz/10)
and the general solution is
w(z,t) = i[ﬂn cos{enart/10) + B, sin{enat /10)] sin(nxz,/10)
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Now to apply the initial conditions. Plugging ¢ — () into the
genceral solution:

w(x,0) — E A, sin{nwz/10)
n=I

The initial condition says that this ought to be zero, so we conclude
that all A,, arc zero. Thus

ul(x,t) — i B, sin{enart /10) sin{nwx,/10)

n=1
where have yet to determine B,,. Differentiate with respect to t:
O .8) = 3 B cos(cnert/10) sin(nr/10)
—|z,f) = n—— tos(cnw sin(nrr
at e 11)

Plugging in ¢ — () makes the cosine factors become 1, and we get
something that looks like a sine series:

h = -
E_}: (x,0) = E H"% sin(nwz /10)

The initial condition says that this ought to equal x(10 — z). So we
need to find the sine series of this function on the interval 0 < = < 10.
Thus we must compute

10
b, = = (10 — z) sin{nrz /10) dr
10 Jy
This can be done directly by repeated integration by parts. The

result 1s

400 L is odd
by, = (1 — cosnm) — frs IR O
(nr) 1 i is evien
We have the relation
T
q0 b

BN :
B — P 7t 18 odd
(] 7t 18 CVOen

Noting that actually ¢ — 4 {which could have been put in earlier if
desired ):

u(z,t) = Z %!ﬂﬂﬂﬂﬂ!ﬂﬂ] sin{nmz,/10)
re anded
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(2} (5 points) The function

u(x,t) — sin(20t) cos(hx)

solves a wave equation. Write u(zx,t) as a sum of a right-moving
wave and a left-moving wave, and determine the speed of these

waves. Hini: Scour the article “List of trigonometric identities”
on Wikipedia for a relevant identity.
The relevant identity is what is called the product-to-sum formula

1
sin Acos B — E[ﬂin[ﬂ + B) + sin(A — B)|
Thus
1 1
u(x,t) — sin(20¢) cos(hz) — 3 sin{ 208 + 5x) + 3 sin{ 208 — Hx)

We would like to see expressions like = — of and # + of inside the
sines, so we factor out the 5, and use the fact that sin{ —z) — — sin 2:

u(zx,t) — %sin{ﬁ[ﬂ: + 4t)) — %sin[ﬁ{:r: — 4t))

Thus if we define F(z) — § sinbz, we find
u(z,t) — F(z + 4t) — F(z — 4f)

The term F(x + 4t) — §sin(5(z + 4t)) is a left-moving wave with
speed ¢ — 4, and the term —F(z — 42) — —3sin(f(z — 41)) is a
right-moving wave with speed 4.

(3) (15 points) Find the solution of the Laplace equation problem on

thesquare 0 <z <1, 0<y < 1.

e +E¥=0
u(x,0) — 1
u(x,1) — 0
u((,y) — 0
u(l,y)—0

Taking into account Laplace’s equation and the homogencons bound-
ary conditions, we find that the separable solutions u(z, y) — X{x)Y (y)

satisfy

d?X
—5 +AX =0, X(0) =0, X(1)-0,
Y

—= —AY =0, Y(1)-o.
1



