CMSC250, Spring 2004 Homework 5 Answers

Due Wednesday, March 3 at the beginning of your discussion section.

You must write the solutions to the problems single-sided on your own lined paper,
with all sheets stapled together, and with all answers written in sequential order or
you will lose points.

Prove each of the [ollowing statements true or [alse. Remember, a counterexample may only
be used Lo prove thal a “lor all” statement is [alse, and all counterexamples must include specilic
values and enough algebra/justification to show that they are truly counterexamples.

1. For all integers a, b, and ¢, il a+ b = ¢ and a | b, then a | e

Answer: THRIUL.

Lel a, b, and ¢ be arbitrary inlegers.

Assume a +b=cand a | b

Since a | b, dk € Z ak = b by delinition ol divides.

ak + a = b+ a by adding a Lo bolh sides.

a(k + 1) = ¢ by algebra and substitution.

k+ 1€ & by closure ol the integers under addition.

a | ¢ by delinition of divides.

Va,be e Z(a+b=e¢)A(a]|b) — (a]|c) by closing of conditional world and generalizing
[rom the generic particular.

2. Va,bhe€eZla|c)A(b]|e)] — [(a|b) V(D] a)l

Answer: [FALSE.
Counterexample: Lel a =2, b =3, and ¢ = 6.
Then a | ¢ and b | ¢ since 2 | 6 and 3 | 6. However, 213 and 3{2.

3 Va,beeZ[la|b)r(alec)] —[0]e)V(e]|b)]

Answer: [FALSE.
Counterexample: el a =2, b =4, and ¢ = 6.
Then a |band a | e since 2 |4 and 2 | 6. However, 4 {6 and 6§ 4.

4. Ma|band b| e, then a | ¢, for any integers a, b, and .

Answer: TRUE.

Lel a, b, and ¢ be arbilrary inlegers.

Assume a | b and b | e

Then dJnne Zam=bAIn =-c

Since am = b, then (am)n = ¢, which means a(mn) = ¢ by substilution and associativity.
Since mn € £ by closure of Lthe inlegers under multiplication,

a | e by delinition ol divides.

Va,be € Z (a | b)A(b]| e) — (a | ¢) by closing ol conditional world and generalizing [rom
Lthe generic particular.

5. Il z is an odd integer, then =2 — 1 is divisible by 4.



Answer: TRIULE.

Lel & be an arbitrary odd integer.

Since r isodd, k€ r =2k + 1.

Then 22 — 1= (2k+1)* — 1 = 4k* + 4k + 1 — 1 = 4k? + 4k by substitution and algebra.
Then x* — 1 = 4(k* 4+ k) by algebra.

Since k* + k € Z by closure of the integers under positive exponentiation and addition,
4 | (x% — 1) by delinition of divides.

Vo € Z°9 4 | (2? — 1) by generalizing [rom the generic particular.

6. Il a prime greater than 2 can be represented as 3k + 2 lor some integer k, then that prime
can be represented as 6m 4+ 5 lor some integer m.

Answer: THRIL.

Lel p be an arbilrary prime greater than 2.
Assume dk € & p =3k + 2.

Since k is an integer, k is either even or odd.

Assume k is even.

Then dge & k = 2g.

Then p=3k+2=3(2g) + 2 = 6g + 2 = 2(3g + 1) by substitution and algebra.
since 3g + 1 € Z by closure ol Lthe integers under multiplication and addition,
2 | p by delinition of divides.

However, Lthis 15 a contradiction since p is a prime grealer than 2.

50 we know & is nol even, and therelore, k is odd.

Then dJg € Zk =2g+1. Thenp =3k+2=3(2g+1)4+2=65+3+2 =26g+5 hy
substitution and algebra.

Wp e ZPme>2 (f e Zp =3k +2) — (3m € Z p = 6m + 5) by closing conditional world
and generalizing [rom Lhe generic particular.

7. For any inleger n, n* #, 2.

Answer: THIULE.

Lel i be an arbitrary integer.

Assume (by the way of contradiction) that nt =4 2.

Therefore 4 | (n* — 2) by delinition of mod, which means

dk € Zn' =4k +2.

By the quotient-remainder theorem, there exist unique integers ¢ and r such that n = 4g+r
and ) < r < 4.

Case 1: assume r = ().

S0 1 = dg by substilution.

Then n? = (4¢)* = 64¢* by substitution and algebra.

Since n* = 4k + 2, then we know 4k + 2 = 64¢® by substitution.

Then 1/2 = 16¢* — k by algebra.

We know that 16 — k € Z by closure of the inlegers under multiplication, addition, and
positive exponentiation, however, 1/2 ¢ Z. Contradiction.

Case 2: assume r = 1.

S0 1 = 4dg + 1 by substitution.

Then nt = (4g + 1)* = 64¢”° + 48¢° + 129 + 1 by substitution and algebra.

Since n' = 4k + 2, then we know 4k + 2 = 64¢” + 48¢° + 12¢ + 1 by substitution.
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Then 1/4 = 16¢® 4+ 12¢° + 3¢ — k by algebra.
We know that 16¢° + 12¢° + 3¢9 — k € Z by closure of the integers under muliiplication,
addition, and posiltive exponentiation, however, 1/4 ¢ Z. Contradiction.

Case 3: assume r = 2,

S0 1 = dg + 2 by substilution.

Then nt = (4q + 2)* = 64¢” + 96¢° + 48¢ + 8 by substitution and algebra.

Since n* = 4k + 2, then we know 4k + 2 = 64¢® 4 9692 + 48 + 8 by substitulion.

Then 1/4 = 16¢* + 24¢” + 12g + 2 — k by algebra.

We know that 1647 + 24¢% 4+ 12 + 2 — k € Z by closure of the integers under multiplication,
addition, and posiltive exponentiation, however, 1/2 ¢ Z. Contlradiction.

Case J3: assume r = 3.

S0 11 = 4q + 3 by substilulion.

Then n? = (4g + 3)* = 64¢* + 144¢* + 108¢ + 27 by substitution and algebra.

Since n? = 4k + 2, then we know 4k + 2 = 64¢* 4 144¢® + 108g + 27 by substitution.

Then —25/4 = 16¢* + 36q¢* + 27q — k by algebra.

We know that 16¢* + 36g° + 27q — k € Z by closure of the inlegers under multiplication,
addition, and posiltive exponentiation, however, —25/4 & Z. Coniradiclion.

S0 all four cases lead Lo contradictions. However, one ol the cases must be true by Lthe
quolient-remainder theorem, which is in itsell another contradiction, which means our orig-
inal assumption musi be [alse.

So it #4 2.

vn € Z n' #4 2 by generalizing [rom the generic particular.

8 VreZ™ (3+x) — (4| =%

Answer: Lel x be an arbitrary even inleger.

Assume that 3§ z.

By Lhe quolient-remainder theorem, Lthere exist unique integers g and v such thal x = 3g+r
and 0 < r < 3.

So (x =3q)V{r=3¢+ 1)V (x = 3g + 2) by enumerating all the possibilities.

Case 1: assume x = Jq.
Then 3 | # by delinition ol divides, which is a contradiction. So case 1 can never occur.

Case 2: assume x = 3g + 1.
Since g is an integer, g 18 either odd or even.

Assume thal ¢ is even.

Then Jdk € Z g = 2k by delinition ol even.

Then x = 3(2k) + 1 = 6k + 1 by algebra and substitution.

However, we claimed that & was even, which means dm € Z & = 2m. Then 6k + 1 = 2m by
substitution.

1/2 = m—3k by algebra, which is a contradiction since m — 3k € Z by closure ol the inlegers

under multiplication and subiraction, bul 1/2 & Z.

S0 g cannol be even, and therelore g is odd (by disjunctive syllogism).

Then dk € Z g = 2k + 1 by delinition ol odd.

Then z = 3(2k+ 1)+ 1 =6k + 3+ 1 = 6k + 4 by algebra and substitution.

r* = (6k 4 4)* = 36k* 4 48k + 4 = 4(9%* + 12k + 1) by substitulion and algebra.
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