Week 11
dpring 2000

Lecture 21. Estimation of Large Covariance Matrices: Lower
bound (II)
Obzerve
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M X;,..., X, iid from s povariste Geussian distribwion, N (u, E, ., ).

We assume thei 1he covariance mairix £, ., = 18 ecniained in ihe

following parsmeisr space,

(Tiiciies

Flas M)= {E: log| < M- i =™ frallis j and Ape (T) < 1_.-'5}
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Theorem 1 Urder the aasumpiion (1], we have
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In ihizs leciure we will show
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by the Azsouad: lemma

We shall now define 8 parameier space thei i3 spproeprists for the minimse
lower bound argument. For ghven potitive imegers & and m with 22 < » and
1< m< k define the p x p matrix B{m, k)= (b;),, with

L

ilg=lfi=mandm+l<j<ihorj=mandm+1<i< 2k}

et k=7 and a = & '=+Y We 1hen define 1he eolleetiion of ?* covariance
mairices 88
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H= {3 (F:Z(F)=L+may dmB(mk), #=(0.)c {0, 1}“} (3)

where I, is the p x p ideniiiy mairix snd 7 38 a8 comsiami. I @3 easy 1o check
ihai e long 83 0 < 7« min{M, (1—£)/2} the eolleciion H C F_ (s, M). We
will show :

inf s1p B |-f —E'! > m— it (4)
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A Lower bound by the Assouad's Lemma

We firsi prove equation (4) Lel X, Xy, .., X, be iid N {0, Z (#)] wih
Z (f) € H Dencte 1he joimt distribution by Fy. We apply Assouad's Lemma 1o
ihe parameier space H
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From Lemma 2 we have
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and from Lemma 3,
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Now we give preofs of awciliary lemumas.
Lemma 2 ForE (#) defined in (8] we have
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Proofof Lemma £: We define v= [1{k= i< 2k}]. Lei

T (8)—I (#] v= fa).
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There sre execily H (§, ) number ofw; such thet fw;| = ke (just consider uppe:
half of 1he matrk: |, which implies
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Lemma 3 Let Br ie the joint distridution ofn fid o Xa, .., X with X1 ~
N(LE(#)) endE {#) € F12. Ther for some ;> 0 we have
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Proof of Lemma 9: When H (5, § | = L we will show
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for some amsll ¢ > 0, where K (-} i the Fullback-Leibler divergence =nd
the firsi inequality follows from the well known Pimsker's inequality (zee, e.g.,
Caiszdr (1967)). This imumedistely implies 1the L, distance between two messures
iz bounded awey fom 1, end then the lemms followrs. Write

E (¥]= Dy +E(8).

Then 1 1
str (€ (F) T2 (9)) - 3= 5t (D2 (0).

Lei A; be 1he sigem-alues of D, (#). Sinee D,E~1(#) is similar 1o ihe sym-
metric matrix E-%* (9} 0,=—Y7 (#), and
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=¥ () DV (0) < [l @) 12l =2 )] < @ 101 < @ 1Dy < ke

then sll eigemralues A ;s =re resl and in 1he imerval [— ok, opkal, where ko =
k- k=t = = ). Noie thai the Taylor expamion yields

logdet (£ ()T (#))=logdet (I + D,E~{#)) =t (D, E-1(0))— Ry

where

7
g = -:gE}.: for aome oy == 0.
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Write -2 {#) = UVYILUT, where ULT = J and V is 2 diagonal mairic It
followa from ihe fzet that ihe Frobeniu: norm of 8 mairic remsaing ithe tame
afier an erthogonsl iramformatien thal
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