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Lecture L15 - Central Foree Motion: Kepler's Laws

When the only force acting on a particle s always dirceted to-
warnds a Hxed point, the motion 15 called central foree sotzon
This type of motion s particolarly relevant when studyving the
orbital movernent of plancts and satellites. The laws which goe-
ern this motion woere hrst postulated by Kepler and dedouceed from
observation. In this lectune, we will see that these laws are a con-
segquence of Newton's seccond law.  An understanding of contral
force motion s neccssary for the design of sastellites and space

vehinelos.

Kepler’s Problem

We consider the motion of a particle of mees e, inoan inertial reference frame, ander the infoenee of a foroee,

F_ directed towards the origin,
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We will be particnlarly intercsted 1 the case when the foree 1 inversely proportional to the square of the

distance: betwoeen the particle and the orging such as the gravitational foree. In this case,

where g is the gravitational parameter, r is the modulus of the position vector, ¢, and e, = v/r.
It can be shown that, in pencral, Kepler's problem s cguvalent to the two-body problem, m which fwo

masses, Woand m, move solely doe to the infHoeence of their mutual pravitational attraction. This coguivaleno

i obvions when M % m, sinee, in this case, the conter of muass of the system can be taken to be at M.



However, even in the more general case when the two messas are of similar seee, we shall show that the
profblem can be reduced to a "Kepler™ problem.

Althourh most problems in celestial mechanies involve more than two bodies, many problems of practical
mterest can be accurately solved by just looking at two bodies at a time. When more than two bodies arce
imvolvexd, the problem s considerably more complicated, and, in this case, no general solutions are known.
The two body problem was studied by Kepler (1571-1630) who lived before Newton was born. His interest

wis i deseribing the motion of plancts around the sun. He postulated the following laws:

l.- The orbats of the plancts are ellipses with the Sun at one foous

2- The line joining a planct to the Sun sweeps oot egqual areas o egual intervals of tine

3.- The sguare of the pertod of a planct 15 proportional to the cube of the major axis of its clliptical orbit

In this lecture, we will start from Newton'™s laws and verify that the above three laws can indeed be derved

from Newtonian moechanics.

Equivalence between the two-body problem and Kepler's problem

Here we consider the problem of teo isolated bodies of masses M oand meo which interact though gravitational
attraction. Lot vy amnd v, denote the position vectors of the two bodies relative to a fioosd onigin O, Sinee
the only foree acting on the bodies 15 the foree of muotueal gravitational attraction, the motion 15 governoed by

Newton'™s law with an cgual and opposite foree acting on cach bady.
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where ¢ = ||, & = r/r, and (7 is the pravitational constant.
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The position of the center of gravity, (7, of the tewo bodies will be
Mry | urg,
r : 3
- M| m (3)



Since the two bodies are solated, we will have, from momentuom conservation, that ro —constant, and
r = 0. Thoercfore, the position of the conter of gravity, at all times, can be found tovially from the mitial
conmditions.

If the position vector of moas observed by M, v = v, 7y, 15 known, then the position voctors of W oand

e could be computed as
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Therclore, sinee we konow the position of the center of meass reo for all tooe, we shall show that the problem
of determining vy and v, s cgquivalent to that of determining r, the veotor distance between them.
The governing cquations for r, and ryy are given in cquation (1) and (2). Subtracting thes: two exprossions,

wi obtain,
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The above cxprossion shows that the motion of s relative to M 15 in fact 2 Kepler problem in which the
force s given by (CMme, /r* (this is indeed the real foree), but the mass of the orbiting body (w0 in this
caea), has boen replaced by the reduced mass, Mmf(M | m). Note that when M > > my, the redoeed mass
becomes . However, the above expression 15 peneral and applics to peneral masses M oand o

Alternatively, the above cxproession can be wntton as
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which is again a Kepler problem for an orbiting body of mass e, in which the gravitational parameter p s

given by p = G{M | m).

Example Solution to the Two Body Problem

There are two approasches to the solotion of the two-body problem. One s a direet muneneal attack on
couations (1) and (2); the other is to wse the analytic solution of the Kepler problem, equation(7), and
having found r(f), to use the cquation for the position of the center of mass, rat) and equation (4) to
determine v, (2) and rygit). The position of the center of mas s determined by the initial conditions
(position and velocity ) of the bodies. Consider the motion of two bodies as shown in a). The masses of the
two bosdics are M = 4 and m l; for convenienee (7 was set ogqual to 10, The initial conditions (vector
components) are given as vy = (1,0), 7 = (2,3) and vy = 2,0) and #p¢ = ( 2,0). The motion of the
two bodies with time is shown in a). From the boundary conditions, we obtain the position of the conter of
mass with time as v = ( 7/5,0) | { 6/5,3/5)¢; this position with time s shown in b). The bodics "orbit™

about the mstantancons position of the conter of mass.



