Math 231E. Fall 2013. Lecture 6C.

Indefinite Integrals, Substitution

We first lay out the example of the indefinite integral
Let us consider the integral
/4 e” dr.
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From the Fundamental Theorem of Calenlus, we know that the antiderivative of ¢ 18 itself,
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And we see that in all these cases, the formula into which we are plugging in is the same; we
just nse different values to plug in. Morcover, as we will see below, it is typical that the vast
majority of the work that we need to do will involve finding this function, and the plugging
in of the boundary values is the casy part.

As such, we would like to just refer as this antiderivative function, and when we need to do
s0 we will talk about the indefinite integral, which is just another word for antiderivative.

The one thing to peint out here is that an antiderivative is not unique. For example, we know
that d d d d

E[Iﬁ} — E[f'i +2) = E[I“ —12) = EI:I'H' + w%e'" cossin(4)) — 3z°.
In particular, this means that we can always add any constant we like to an antiderivative,

since all of the functions
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are all antiderivatives of 322, In general, we will write this as
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where (7 is an arbitrary constant.

And, again, we stress that the choie of constant ¢ will not matter when computing a definite
integral, sinee
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50, the hard part is finding antiderivatives. Basically, all of the rules we come up with arce
just rules for differentiation run backwards! Examples:
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f cf(z)dz — c f flz),
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Unfortunately, there isn’t a rule like

f f(z)glx) dx 7 f f(z)dz f olx) dx.

There is a way to use the product rule in reverse, which we will see below — it is called
“integration by parts”.

However, we can use the Chain Rule is reverse pretty easily. Say that F'(x) — f(x), and then

< Flg(a) — Flo(x)) -4/ (2) = F9(a)) - (@)

This means that

f flg(x)) - ¢ (z) dx — F(g(z)) + C.

This gives rise to the technigque of w-substitution.

f:r: 34+ xtdr.

Let us try u — 3 + 2, which gives du — 2z dz, so that zdr — du/2. We then have

fnfﬂ +x2de — j%ﬁ:—m — L O =3+ O

Example 27. We want to compute

A crucial feature that made this work is that there was an extra power of £ in the integrand.

For example, if we were given
f v 3+ rider,

and tried this trick, we would get

i
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and now what do we do?



Example 28. Let's try the integral

Now, we might first think that our sub should be # — = + ¢*, which gives du — (1 + &%) dz,

s0 we have 3
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1+ ex

which docsn’t seem that helpful. But, let us go back to the original integral and multiply
out, recalling that ¢t — ¢2eb 50 we have
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and now we might see that it makes sense of use u — €%, du — " dr, and then we have
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Example 29. Sometimes we might have to do a lot more work than we originally thought!
Let’s try
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Since we have a /u term, let us choose v — /u, and thus dv — 1/(2/u) du, or du — 2vdp,

and we have 2 4
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Finally, choose w — v+ 1 and dw — dv, and we have
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Unpacking all of the definitions, we have
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Also, if we are doing definite integrals, then we can also use integration by parts, but we
should change the limits of integration as we go.



