Math 231E. Fall 2013. Lecture 8A.

Trigonometric Integrals and Trigonometric Substitution

In this lecture we will learn how to integrate cxpressions involving trigonometric functions, or
integrals that can be converted into same.

Example 36. Let us consider the integral
fsinE‘[I] cos®(x) de.

Recalling the identity
sin“(x) + cos (x) — 1,

we can write sin?(x) — 1 — cos®(z), and
sin’(x) = (sin®(x))* = (1 — cos™(2))® = 1 — 2cos®(z) + cos’ ().
Thus we can rewrite our integral
] sin®(x) cos®(z) dx — f sin(x) sin'(x) cos®(z) dz
— f sin(r)(1 — 2 cos®(x) + cos?(x)) cos®(z) dx

— f:-:in{:r:}[m'ﬂ:f{j-:} — 2eos'(2) + cos®(z)) dx.

Now, since we have a sin(x) in the integral, we can write

u— cos(x), du— —sin(z)dz,
giving
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We can see in the scenario abowve that the trick has nothing to do with the power of 5 on the
sinx, but it uses the fact that it is odd. So, for example, if we consider any integral of the form

sin®* 1 £) cos™(z) dx,
where k,m are integers, then we write
sin®* () cos™ (x) dx — jﬂin[:] sin®*(z) cos™(x) dx

— jﬂin[:n]ll[l — cos?(x))F cos™(z) di.



and then we make the substitution u — cos(zx), du — — sin(z) dz, and we obtain

sin2* () cos™ (x) dx — f—[l — )™ du.

This is a polynomial that we can always integrate. Similarly, for any integral of the form [ cos® ! £) sin™ (z) dx
we can pecl off all but one of the cosines:

f{::r:ﬁ““[:r:} sin™(x)dr — j cos(x) cos®(x) sin™(x) dx

— ftm{::}[l — sin®®(z))* sin™(z) dz,

and then we make the substitution u — sin(x), du — cos(x) dr, and we obtain

fﬁ:ﬁ““{x} sin™(x)dx — f[l — u?)Eu™ d.

Of course, this algorithm will only work when one {or both) of the powers on sines and cosines
arc odd. What about an integral of the form

fﬁ:ﬁ“’{:ﬂ] sin'(x) dr?

Here we nse the “half-angle formulas™

g - B TR,
sin- () E{I —cos(2zx)), cos™(x) ﬁ“ + cos(2x)).

For example, we can compute
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Now, how do we deal with the original problem? We can write

fmf{::}sin’{:r:}d:r: —]%{1 + cos(2x)) (%[1 - ma[ﬁr}})i dx
— 5 [ (1 cos(22))(1 — cos(20))? o

- ?13 fﬂ ~ cos(2x) — cos?(2r) + cos*(2z)) dr



Now, we can deal with these four integrals separately. The constant is casy, as is the simple cosine.
The cube we deal with as we described above, Lo

fmsﬂ{ﬂi:]l — fﬁ:ﬁ“{ﬂr} cos(2z) dx
= f (1 — sin?(2z)) cos(2z) d,

and make the substitution u — sin(2z), du — 2 cos(2z) dz, to obtain

fms”{ﬂm] = éj[l — ) du — 1 'ﬂn{Er] 1sm i(2x) + C.

We use the half-angle again to obtain
1

ff:ﬁﬂ ) dr — j (1 + cos{dz)) — E + ﬂﬂun[d:r'] + .

Putting all of this together gives

1 1 1 1
fms sin' () dz — % — EEI‘H{EI‘ — % = Eqm[nh‘} + 21111[.33'] 5 sin” (22) + €
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TR -ml[ ) — — qm[d:r} — 5 sin (2z) + C.

Une of the mam reasons these t}fp{&ﬂ of trig 1|1t.{=l:,rra.Is arc usciul 1s that they allow nus to deal
with square roots of quadratic forms.
f /1 — x2 dr.

Example 37.
If we make the snbstitution £ — sinf, dr — cos@ df, then we have
V122 = /1 sin2(8) — | cos(8)|.
As long as we take & € (—n /2, w/2), then cos(f) = 0 and so |cos(f) — cos{#). We then have
f T dr = fsin“[ﬂ'} - cos(#) - cos(#) df
. f <in’(8) cos(8) df.

Since we have an odd number of sin terms above, we “pecl off” all but one of them and procecd as
abowve.

Similar to the half-angle formulas, there are the “angle-addition™ formulas, namely:

sin Acos B — %[sin{.d — B) +sin(A + B)),
sin Asin B — %I:E:ﬂﬂ[ﬂ — B) —cos(A + B)),

cos Acos B — %[mﬂ[ﬂ — B) + cos(A + B)).




