Factor Analysis:
Introduction:

similar to PC, goal 1s to find a few factors that de-

scribe a large number of variables.

First tamous factor analysis:
From a number of students taking 3 exams in Clas-
sics (x1), French (x2), and English (x3). Spearman in

1904 gave the following Correlation matrix:

1 0383 0.78
S=1|083 1 0.67
0.78 0.67 1

Spearman believed one factor, “general ability”, gen-

erates the three exams. l.e.:

r1 = M Jf +ur, 2o = Ao f + ug, 3 = Aaf + ua,

where, f 1s the underlying “common factor”, A1, Aa, Ag

are the “factor loadings” and u;’s are errors.



T'wo sources of errors:

1) Ability in a subject not per fectly determined by
any factor.

2) Measurement on exam not a per fect measure of

ability in subject.

Model:

Let x be a random p—vector with E(x) = p and
Var(x) = X. A model with k factors is given by:

x —u=Af +u,

where A 1s a p X k matrix of parameters and f and u are
random vectors. The 1items 1in f are “common factors”

and the items 1n u are “unique factors”.

Usual Assumptions:



All tactors are uncorrelated and common factors stan-

dardized. Componentwise:

k
Ti — Hi = Z Aijfi + i,
G

for : =1,....p.
Thus:

k
Oi = Z}‘?j + ;.
i=1

Two components to Var(x):
: Tiio?. B2 . Nk 32
‘communality”: hy =) 5 ; Aj;

“unique variance’: ;;
Using assumptions 1)-5) have:

Y =AA+ T
Factor Loadings A are not unique:

Xx—pu=Af+u

implies that

x — p=(AG)(G'f) +u,



