Math 711: Lecture of December 12, 2005

We now give an alternative proof of the syzyvey conjecture, closer in spirit to the original
paper of Evans and Grifhth. We first give a new proof, in the special case where the module
of syzvegies 1s locally free on the punctured spectrum, of the result on the depth of the order
ideal. We need a preliminary result.

Lemma. Let M be a finitely generated module over a local ring (R, m, K) that is locally
free on the punctured spectrum of R. Let & be an element of M, and let I = O y4(x). Then

the itmage of x is M/IM is killed by a power of m.

Proof. Consider the set
W={ue R: M, is B,-free}.

Then W must generate m, or else it is contained in a prime ideal P strictly smaller than
M. But, since Mp is Ep-free, this i1s also true for some v € K — P, a contradiction. Let
Suppose iy, ... .y © W penerate an ideal primary to m. Then it suthces to show that for
every u; there is an integer n; such that fu?j.r € IM. For then the image of x in M/IM

15 killed by the m-primary ideal generated by the u;j , 1 < 3 < h. Thus, it suthices to show
that if M, is free, then u"x € IM for some n. Consider mmtually inverse isomorphisms
M, = Rk =~ M, . After multiplying by some power of u, we may assume that these maps
are induced by maps f : M — B* and g : B — M such that go f : M — M has the
property that g o f — u™idpy Induces the (0 map on M. After multiplying further by a
power of u, we may assume g o f = u™idps (n may have increased). By the definition

of Op(x) = I, f(xr) € IR*, and so (go f)(z) € IM. But this says that u"z € IM, as
required. [

Theorem. Let (R, m, K) be local, let M be a finitely generated R-module that is a kth
maoditle of syzygics of finite projective dimension over R, let x be a minimal generator of
M, and let I = O (M). If M is locally free on the punctured spectrum of R, and the
improved new intersection theorem holds for R/I, then I = R or else depth, R = k.

Proof. Let M be a kth module of syzypies of N, and let

0—=0G,— =Gy —10)

denote a minimal free resolution of M. Since M is not free, we must have pdpM =
pdpN — k. Because M 1s locally free on the punctured spectrum,

Tor;"(M, R/I), = Tori™(M,, R,/IR,) =10

for 7 = 1, and it follows that T{}I‘f{ﬂ’f , R/T) has finite length for j > 1. We may assume

I # R. Let S = R/I. Then the higher homology of the S-free complex § ® g (G, has finite

length. By the preceding Lemma, the image of z in Hy(5 @ Ge) 2 M/IM is killed by a
1



power of the maximal ideal, and it is a minimal generator of M/IM. Therefore, we may
apply the improved new intersection theorem to conclude that

dim (R/I) < h=pdgN — k < depth,_ R — k.

Then depth(R) — dim (R/I) = k. By the first Lemma of the Lecture of November 21 with
M = R/I, we have
depth(R) < depth; R + dim(R/T),

1.€e.,

depth; R > depth(R) — dim (R/T) = k,
as required. [

The tollowing result then recovers the syzyey theorem when R is a domain: in particular,
it recovers the syzvey theorem when R is regular, which is the most important case.

Theorem. Let M be a k th module of syzygies of a module of finite projective dimension
over a local ring R such that the itmproved new intersection theorem holds for homomorphic
images of localizations of K. Then either M is free, or Mp contains Hj}'::. as a submodule
for some prime P of K.

Proof. Choose a counterexample with dim (R) minimum and k& minimum. We may assume
that M is not free. We may also assume that M is locally free on the punctured spectrum,
or else we can localize to obtain a counterexample with a ring of smaller dimension. There-
fore, the Theorem above applies, and for a minimal generator x € M, either Oy(z) = R
or else it has depth at least k. We may assume that & > 1 or there is nothing to prove. We
can conclude that x has annihilator (), hence that B 2 Rr and that M/zR is a (k- 1) st
module of syeygies exactly as in the proof of the syzyegy theorem in characteristic p given
on the second page of the Lecture Notes of December 9. We may apply the induction
hypothesis to M /rR. We can conclude that (Mp/xRp) has a an Rp-free submodule of
rank k£ — 1, and the argument that Mp has an R p-free submodule of rank & 1s likewise the
same as in the proof from the Lecture Notes of December 9. [

The syzyvey theorem is quite non-trivial even in regular rings and for small values of k.
Here is a remarkable consequence:

Theorem (Evans-Griffith). If I is an unmized height two ideal with three generators in
a reqular local ring of dimension at least 3 containing a field, then R/ is Cohen-Macaulay.

Proof. Consider a minimal resolution
0= M—=R —=TI—=0.

Then M has rank 2. We want to show that M is free. To do so, it suffices to prove that
it 18 a third syzvey, for then, if it is not free, it cannot have rank 2. Note that M is a
second syzygy, since [ is a first syzygy of R/I. To show that M is a third syzygy, we need
only show that for every prime ideal P, either Mp is free or has depth at least 3. If P has
height at most two, it follows from the fact that Mp is a second syzyvey over Hp that it



15 free. Therefore, we may assume that P has height 3 or more. If P does not contain [,
then TRp = Rp, s0 that the sequence

00— Mp }R‘};. y TRp — 0

sphts, and Mp is free. Therefore, we may assume that P contains I. Then, since I is
unmixed of height two and dim (Rp) > 3, we have that depthp Ry Rp/IRp > 1. But then
the depth of TRp on PRp 15 at least two, and the depth of Mp on PREp is at least three,
as required.

Thus, M is free, and pdgl = 1, so that pdgp(R/I) = 2. Then
depth_(R/I) =dim (R) — 2 =dim (R/I),

and R/T is Cohen-Macaulay, as required. [

We next want to mention a problem on which there has been little progress. Serre proved
that if M and N are nonzero modules over a repular local ring R and M @5 N has finite
length, then dim (M) + dim (N) < dim (R). By the philosophy of the “metaconjecture”
that results over repular rings should generalize to the case of finite projective dimension,
it is reasonable to conjecture that the same holds without the condition that R be regular
if pdp M is finite. This 15 an open question.

Similarly, Serre defined the intersection multiplicity x (M, N) of a pair of finitely gener-
ated R-modules M, N when (M @ gr N) < oo over a regular local ring (R, m, K) of Krull

dimension d as
d

Y (—1Y¢(Torf (M, N)).

F—0
One can define x as well when R i1s local and pd g M 15 finite.

It is known in the regular case that if dim (M) + dim (N )dim (R) then this multiplicity
vanishes and that if dim (M) + dim (N) = dim (R) then it is nonnegative, and it is conjec-
tured that it is actually positive. The conjecture is known if R is a formal POWET SET1ES OVET
a field or a DVR (hence, the conjecture is known if R contains a field), or if dim (R) < 4.
The general case remains open.

The metaconjecture philosophy suggests the conjecture that if M, N are finitely gener-
ated modules over a local ring such that £(M & N) < oo then y(M, N) =0.

While this conjecture is still open if both M and N have finite projective dimension (and
15 known in that case if the ring is a complete intersection: see [P. Roberts, Multiplicities
and Chern classes in local algebra, Cambridge Tracts in Mathematics 133, Cambridge
Univ. Press, Cambridge, UK, 1998|, §13, and |P. Roberts, The vanishing of the intersec-
tion multiplicities of perfect complexes, Bull. A.M.S. 13 (1985) 127-130]), the conjecture
is known to be false in general, even when the ring is a hypersurface. In [S. Dutta,
M. Hochster, J. E, McLaughlin, Modules of finite projective dimension with negative in-
tersection multiplicities, Invent. Math. 79 (1985) 253-291] a counterexample is given,
which we shall discuss below.



