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Student’s { Distribution

If the true population SI), o, 5 unknown, we
estimate o usimng the sample S0 5.

When the standard deviation of a statistic s
estimated from the dats, the result 1= called the
standard error of the statestie. The standard error

of the sample mean 7 15 SEy = ::-’rn-
MNow, metead of dealing with

= X =
== o m

we are interested n the quantity

z ~ N(0,1)

Here, iy 1y 15 Student’s ¢ distribution, with
n — 1 degrees of freedom. The table for the £
dstribution 15 given 1 the back of the book.
[Unlike the Normal or Binomial distributions, each of
which has two parameters, the ¢ distribution has only
one parameter, called the degrees of freedom.)

Inference for the Mean of a Population

We have already seen that when we take a SRS,

F{, T, ..., Ty, Tom a population with unkonown g

and known o, if either

& the population 13 Normally dstributed, or
& 1 18 large enough,

then
s P
X~N (;:, ﬁ)

Equivalently, the standardized sample mean, or

the one-sample = statmtic 1=

X —u
afyn

What if the population SI) o 15 unknown? (A far
more likely occurrence. )

~ N(0,1)
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Properties of the ¢ Distribution

& Symmetric about zero
& Dell-shaped  smilar to normal distnbution
& More spread out than normal  heavier taals

s Exact shape depends on the deprees of
freedom

& Az the number of degrees of freedom

mmcreases, the £ distnbution converpes to the

MNormual distribation.

For ths gquestion, « = (5. For a {3 density, the
area to the nght of 2.042 _gn- = 025 and the
arca to the left of —2.042 w 025, so0 t* = 2.042

For a 95% confidence mmterval for a § detnbution
with 100 deprees of freedom |, % = 1.984.

For a 95% confidence mmterval for a § detnbution
with 1000 degrees of freedom, £* = 1.962.

Mote that a =z* = 1,960 for a 95% confidence
imterval for a standard normal distnibotion.

Confidence Intervals with Unknown o

Recall that, for a population with unknown g and
known o, 1001 — )% Cl for g, based on an SRS
T|,T2,...,Tn BH given by

(-5

If ¢ & unknown,

X —p -
CTN S

s we substitute a t-critical value, ¢ for z°:

(:—n‘;,_ 4t ﬁ)

The critical value, ¢t*, is chosen such that 100(1 — a)%
of the area under the tjn—1) density lies between —t*
and t*.

The area to the right of £* should be 5§ and the area
to the left of —t" should be 3.

What would t* be for a 95% confldence interval for a
i distribution with 30 degrees of freedom, ie n= 317

If the underlyving population 13 Normally
distrnibuted, the confidence interval

(F-r e )

Otherwise, if n = not too small (n > 15), the data
are not strongly skewed, and there are no outhers,

15 exact.

the mterval 15 approamately correct.

With »n sufficiently large (say n > 40), the
approximation 1 correct even 1f the data are
clearly skewed.



Example

A One-sample {-test Let X (mn mnm) denote the prowth m 15 days of &
¥
: ; L mdueed 1 Itk §
Suppose a SRS of smwe no1s drawn from a N, o) LI.II'H:.l]' = _m o, S e
previous experiment that the average tumor
growth 15 dmm. A sample of 20 mice that have a
% ou renetic variant hypothesized to be mvolved 1o
f tumor growth yielded 7 = 3.8mm, 8 = 0.3mm.

~ 3
g N _ fafe Test whether p = 4 or not, assuming prowths are
has the { distnbution with = — 1 d.f % lly distributed.

1. State the hypotheses

population with both g and o unknown. The
t-statistic,
T

To test Hy : p = pg, compute the one-sample §

statistic,
i_:i-—p.[. Hy:-p=4 Hy:-p#4
af/n
2. Caleulate the t-statistic
The p-values are 38— AD
Hy:p>py Pltny > t) 0.3/v20
Ha:p<pos Plin1<t) 3. Determine the pvalue wsng the t-distnbution

Hy:p#pg 2P(ta_y = |E]) tahle in the book
These are exact if the population 1= normal, and

p=2P(tyg = 2.98) < IP(Lyg > 2.861) = 2{_005) = .M

otherwse approximately correct for lange n. Since p is less than 0.01, we reject Hg at
sipniflcance leval o = 001, (p-value={.008)

Confidence Intervals and Two-Sided Tests

There 15 evidence that the population mean

tumor growth i not dmm. A two-sided hypothesis test with significance level
What if we wanted s 99% CI for u mstead? For ex repects the null hypothesis Ho - p = o if and
this case @ = (1 We need to first need to find ¢* only if the value pg falls ontade the 10001 — o)%%
for a ¢ distmbution with 19 deprees of freedom. Cl for .

What is £*7 Reporting a Cl 15 generally more informative than

The Cl & given by Just reporting a pvalue or the decision made on
. s the bams of a hyvpothesis test.
F — ¢t T+t =
(I = ..m)
= (E-E _ 3 RE1 % E1 18 + 2861 = E) & One-Sided Alternatives
V20 V20
= {1.61, 3.99) In the previomw example, suppose we wished to
test whether o - 4.
where £* = 2.861 s the upper 0.005 cntical value 1. State the hypotheses
of £yg.
Hy-p=4 Hy-p<4

Note that 4 is outside this CL From this, we can i3 a-f
draw the same concleion as from the test, 3 Calenlats the tatatiste
Namely, at sipnificance level o = (L01, the mean T
rrowth not equal to dmm. i = 0.3/y/20 = —298
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