CHAPTER s
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Determinants

With each square matrix, it 15 possible o associate a real number called the determinant
of the matrix. The value of this number will tell us whether the matnx 15 singular.

In Secton 1, the defimtion of the determimant of a mainx s given. In Secton 2,
we study properties of determimants and denve an eliminatton method for evaluating
determmants.  The elimmation method 15 pencrally the simplest method o use for
evaluating the determinant of an n x n matnx when a1 = 3. In Section 3, we see
how determinants can be apphed to solving 1 x 1 hnear sysiems and how they can be
used o calculate the inverse of a mamx. Apphcatons of determnants to cryplography
and o Newtonian mechanics are also presented in Section 3. Further applications of
determinants are presented in Chapiers 3 and 6.

The Determinant of a Matrix

With cach m x n mainx A, it 15 possible to associale a scalar, det( A), whose value wall
tell us whether the matnx 15 nonsingular. Before proceeding to the peneral defimtion,
let us conswder the following cases:

Case . 1 x 1 Matrices If A = (a)i15a 1 x | mainx, then A will have a mulophcabve
mverse if and only if a # (). Thus, if we define
det{A) = a

then A will be nonsingular if and only if det{A) £ 0.
Case 2. 2 x 2 Malrices Let
e [ﬂ'll ﬂlzl
A=
iz

By Theorem 1.5.2, A will be nonsmgular of and only of 1t s row equivalent to 7. Then,
if any #£ 0, we can test whether A 15 row equivalent o / by performing the following
opeTations:
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1. Muluply the second row of A by a;,

[ i a1z I
dpdy  dndzz
2. Subtract @,; bmes the first row from the new second row

&y dyz l
0 anan —anaiz

Since ayy # (0, the resultmg matnx will be row equivalent to £ if and only if

dy @ — Sndyy 7 0 (1)

If @y = 0, we can switch the two rows of A, The resulting mabnx

dz; dxm
ﬂ ﬂ'.l

will be row equivalent to J of and only if azanr # 0. This requirement 1s equivalent to
condition (1) when ap; = (. Thus, 1if A 15 any 2 x 2 matrix and we define

det(A) = ay @z — apay
then A s nonsimgular if and only of det{A) £ 0.

Motation

We can refer to the determinant of a specific matnx by enclosing the array between
vertical hmes. For example, if
3 4
a=|3 1]

3 4
2 1
represents the determimant of A.

Case 3. 3 x 3 Malrces 'We can iest whether a 3 x 3 matnx 15 nonsimgular by perform-
mg row opcratons o sec if the matnx 5 row eguivalent o the wenoty mamnx 7. To
carmy out the elimmation i the first column of an arbitrary 3 x 3 matnix A, let us first
assume that @y % (0. The ehmmabion can then be performed by subiracting az fan
umes the first row from the second and a4y fayy tmes the first row from the third:

iy dyz s
Gy a1z 3 0 dyydyy — aGndyz A8z — dyidyy
iz dr a7 *
iy iy
g dyp iy

0 dppdyy — dydyz  dydsy — dygdyy
a1 inn
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The matnx on the nght will be row eguivalent to £ 1if and only if

dy @y — dydyz  dydyy — Sy |
ap a1 I
ann =0
dyyiday — dydyy dydyy ﬂ]lﬂu!
an a1 |

Although the algebra 15 somewhat messy, this condiion can be simplified tw

d@nds — dndpdry — drzdzidss | dyadyn s
{ apands: — apanan # 0 (Z)

Thus, 1f we define
det(A) = aydaadyy — @yydapilys — dyadyds (3)
b aypayay + aady s — dyydydag

then, for the case ay; # (0, the matnx will be nonsmegular if and only of det{A) £ 0.
What if 2,; = 07 Consider the followmge possibalites:
(1) ayy =0, ay #10
(i) ay =an =0,ay £0
(iii) ayy = an =ay =10

In case (1), 1t 15 not difficult o show that A 15 row eguivalent to £ of and only oif

dizanass + apanan 4+ apanas: — apanan #= 0

But this condition 15 the same as condition (2) with ap; = (. The details of case (1) are
left as an exercse for the resder (see Exercise 7 at the end of this section).

In case (n), it follows that
0 &z an
A= 31 0 an an
dyy @5z dyy
1 row equivalent to £ 1if and only of
asi{@izazn — araana) # 0

Agpain, this 15 a special case of condition (2) with ay = a;; = 0.

Clearly, in case (i) the mamx A cannot be row equivalent to / and hence must
be singular. In this case, if we set ay, az1, and @ equal to (0 mm formula (3), the resalt
will be det{A) = (.

In general, then, formula (2) prves a necessary and sufficient condibon fora 3 = 3
matnx A o be nonsingular (regardless of the value of a, ).

We would now hke o define the determimant of an n = a matnx. To see how o do
this, note that the determinant of a2 2 = 2 matnx

A— iy ﬂlzl
idzx amn



