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1 DModeling the Motion of the Heart

Suppose that we have a system of equations with a periodic solution. What
can we say about the speed of the movement? For example, suppose that
we look at a muscle controlling a heart valve. The muscle spends most of 165
time moving shghtly or very slowly near one of two positions (the value 15 1n
the open position or the closed position). However, there 1s a rapid motion
whenever the valve 15 opened or closed. We can use the system

dr 7
— = ——+Irtao 1
dl 3 (1)
dix
— = —{T, 2
il (2)
as a simple model, where
r(l) = the position of the muscle at time L,
a(l} = the concentration of some chemical stimulus

above or below a fixed conecentration at time L.

Note that the r vanable will be bounded. A heart valve can only move so
far. The inverse of the parameter ¢ 2 0 will be used to estimate the amount

of time that = spends at one or the other rest positions.!

"This equation i called van der Pol's equation and oceurs in cirenit theory.



2 Fast and Slow Subsystems

In equations (1) and (2), we have a slow moving system interacting with
a fast moving system. If ¢ = 013 small and r 1= bounded, let ns say that

x| < 10, then dofdl 1s relatively small and cannot change quickly. Therefore,
the slow moving system 15

diy
= —EE.

i

In this case, the speed at which a changes 13 never more than 10c. On the
other hand, the equation

dr T
E E= —E + T+ x,
has no small number ¢, and, thus, 1ts solutions can move relatively quickly.
In fact,
dr -
il

15 exponential. In this case, the specd at which r can change can be relatively
high.

3 What’s Going On

Lot ns soe what happens to equation

d:r.'_ T
di g N

as we change o

s First, suppose that a = 2/3. Then = = 2 18 a stable equlibrium for

e However, a will not stay at 2/3, since it changes according to

dix
— —(T.
dl

This eqmation tells us that o will decrease slowly.
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As o decreases (but stays above —2/3), the equation
dr T3
a3 +r+o (3]

has a stable equulibrium point, say ., for some positive r. This coqu-
librium point mowves slowly to the left sinee o changes slowly.

At o = —2/3, the equilibrium point becomes unstable.

When al) < —2/3, the equation (3) no longer even has a positive
equilibrimm point.

As the positive equilibrivm point becomes unstable and disappoears, =(t)
must travel from where it 15 nearly 1 to the remainimg stable equulibrinm
point, where < —2. The motion 15 governed by

dr 3 et

—=—— 4T+

i 3
and so 1t mmst occur at a speed governed by this equation. Sinee the
equation does not include the parameter ¢, the transition from where
T == 1 to where £ < —2 shonld ocenr much faster than 1t took for = to
decrense from 2 to 1.

When r has switched to nearly —2, then
e —T
-7 = LT

tells us that o must begin increasing again (do/dt = 0 in this case).
This will be a slow increase sinee ¢ 15 small. The merease will contime
as long as a < 2/3.

As o reaches 2/3, the point 7 = —1 18 no longer a stable equilibrium
point. Note that this 15 the marror image of what happened before

Existence of a Cycle

We can use the Pomncard-Bendixson Theorem to show that we have a penodic
solution. The ongn 15 a repelling cqmliboum point, and we can find a basin
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