Math 19. Lecture 9
Equilibrium in Two Component Systems

T. Judson
Fall 2004

1 Uniqueness of Solutions

A two-component linear system 15 a system of differential cquations

dzx

= t by,
dy
P e + dy.

Given initial conditions, (x(0),%(0)) = (zp, ), the system has a unigque
solution and 15 completely prodictive. We can also wnte this system in matrix

form as
x'(f) = Ax(t),

A= (i 2) x{t) = GEED and x'(1) = GED

An equilibrium solufion to the system where x(i) = (x(t), y({)) is a constant
vieehor.

where

2 Determinants

The system x'({) = Ax(f) has an equilibrinvm solution at (0,0) if it has only
the solution ¢ = v = . Another way of viewing this fact 15 to observe that



the two lines
ar+bbhy = 0
cr+dy = 0

are not parallel if and only if ad — be # 0. We define the deferminant of A
to he

det(A) = ad — be.
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3 Stability Criterion

The constant solotion 0 18 said to be stable when all trajectonies that start
mm some region with 0 inside move closer to 0 as [ — oo, Otherwise, 0 1s
unstable. The system x' = Ax is stable if and only if

tr(A) < 0
det{A) = 0.

4 An Equation for z(t)

Lot us examine 2 = 2 hnear systoms more closely. Lot

(Z0) = (= ().
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where (0) = xp and »(0) = yy

4.1 An Uncoupled System
Lot us first assume that b = ¢ = 0. Then the solution to the system

¥ = ar
y = dy

15
r = xge™
y = wpe™.

This system 15 stable 1if both @ and d are negative. This ocours exactly when
det(A) = 0 and tr(A) < 0.

4.2 The General Case

For the seneral case, we will let
_ (=) _[la— d}ﬂ‘[ )2+ by(0)
Eely (y[m) g e ( (0) + (d — a)y(0 ME)

and ]
A= 1 tr(A)? — det(A).

We have cxactly three types of solutions.!

o Case I: A =0
x(1) = u[ﬂ]:.,r: (ﬂ"'rm{x[. 4 ﬁ—lﬁw“] +ﬁ—u-“m[x“_ ﬂ"ﬂwu}:].
o Case 2 A =1
x(t) = A2 x + Lwy)).

o Case 3 A <L

x(l) = %:3"":""7“"'3 (cos (|A"Y250) 3 + | A7 sin (| A1) wy) .

"These solutions can be derived nsing inear algebra. See Math 21b or Math 106.
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